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Abstract

We develop likelihood-based estimators for autoregressive panel data models that are consistent in the
presence of time series heteroskedasticity. Bias-corrected conditional score estimators, random effects
maximum likelihood in levels and first differences, and estimators that impose mean stationarity are
considered for general autoregressive models with individual effects. We investigate identification
under unit roots, and show that random effects estimation in levels may achieve substantial efficiency
gains relative to estimation from data in differences. In an empirical application, we find evidence
against unit roots in individual earnings processes from the Panel Study of Income Dynamics and the

Spanish section of the European Community Household Panel.
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1 Introduction

The generalized method of moments (GMM) is routinely employed in the estimation of autoregressive
models from short panels, because it provides simple estimates that are fixed-T consistent and opti-
mally enforce the model’s restrictions on the data covariance matrix. Yet they are known to frequently
exhibit poor properties in finite samples and may be asymptotically biased if T is not treated as fixed.

There are also available in the literature fixed-7T' consistent maximum likelihood methods that
are likely to have very different properties to GMM in finite samples and double asymptotics. This
category includes random effects estimators of the type considered by Blundell and Smith (1991)
and Alvarez and Arellano (2003), the conditional likelihood estimator in Lancaster (2002), and the
estimators for first-differenced data in Hsiao, Pesaran, and Tahmiscioglu (2002). However, the existing
likelihood-based estimators require that the error variances remain constant through time for fixed-T'
consistency. Lack of robustness to time series heteroskedasticity is an important limitation because
the dispersion of the cross-sectional distribution of errors at each period may differ not only due to
nonstationarity at the individual level but also as a result of aggregate effects.

In this paper we develop likelihood-based estimators of autoregressive models that are robust in the
sense that remain consistent under the same assumptions as standard panel GMM procedures.! From
a GMM perspective, likelihood-based estimation can be motivated as a way of reducing the number of
moments available for estimation, and hence the extent of bias in second-order or double asymptotics.
Our methods are robust in the sense used in Gourieroux, Monfort, and Trognon (1984) of providing
consistent estimates of the conditional mean parameters when the chosen likelihood function does not
necessarily contain the true distribution.

The paper is organized as follows. Section 2 presents the model and a discussion of the assumptions.
Section 3 explains how to obtain fixed-T" consistent estimates of AR(p) coefficients from bias-corrected
first-order conditions of a heteroskedastic within-group likelihood (bias-corrected score (BCS) estima-
tion).

Section 4 presents ML estimates from a likelihood averaged with respect to normally distributed
effects and initial observations (random effects maximum likelihood (RML) estimation). We show that
such an averaging leads to a modified within-group criterion that balances off the within and between
biases. The modification term, which depends on the data in levels, may lead to substantial efficiency
gains relative to estimators from differenced data alone, and is crucial for identification in very short
panels. Heteroskedastic RML is our recommended likelihood-based method. It is computationally
straightforward and can be easily extended to unbalanced and multivariate panels. Moreover, work
by Chamberlain and Moreira (2009) and Bai (2013) has established additional desirable properties of
this type of estimator from a fixed-effects perspective in finite samples and in large T-and-/N samples,

respectively. We shall return to a discussion of these points in the concluding section.

LCf. Holtz-Eakin, Newey, and Rosen (1988), Arellano and Bond (1991), Arellano and Bover (1995), and Ahn and
Schmidt (1995).



Section 5 presents RML estimates from data in differences, and Section 6 discusses conditional
and marginal ML estimation under stationarity in mean. Interestingly, we show that the random
effects likelihood for the differenced data coincides with the likelihood conditioned on the estimated
effects under mean stationarity, so that this restriction is immaterial to the data in differences when
homoskedasticity is not imposed.

Section 7 discusses the possibility of identification failure for a first-order process with an unit
root, in view that in a three-wave panel a random walk without heterogeneous drift is known to be
underidentified. We show that in a four-wave panel there is local identification but not global iden-
tification under heteroskedasticity, and global identification but first-order underidentification under
homoskedasticity. In panels with more than four waves, we find that the autoregressive coefficient is
globally identified unless the error variances change with a constant rate of growth.

Section 8 reports numerical calculations of the asymptotic variances of BCS and RML estimators
in differences relative to RML in levels, calculated under the assumption of normality. In Section 9
we present estimates of first- and second-order autoregressive equations for individual labour income
using data from the Panel Study of Income Dynamics (PSID) and the Spanish section of the European
Community Household Panel, and find evidence against unit roots in earnings. The PSID result differs
greatly from the income processes that impose a unit root, often employed in the empirical literatures
on consumption and labour supply (e.g. Hall and Mishkin, 1982; Abowd and Card, 1989, or Meghir and
Pistaferri, 2004). However, it is not inconsistent with the findings of later studies that have explored
more general models by allowing for richer forms of heterogeneity (Browning, Ejrnees and Alvarez,
2010) or nonlinear dynamics (Arellano, Blundell and Bonhomme, 2017). Our result is unaffected by
adding moving average components to the specification of the earnings process.

Finally, Section 10 contains further comments on the properties of our estimators taking into
account results from the literature, and provides a summary of the major conclusions of the paper.

Proofs and technical material are in the Appendix.

2 Model and Assumptions
We consider an autoregressive model for panel data given by
Yit = 1Yi¢—1) + o + Yi—p) +1; + Vit (t=1,...,T;i=1,..,N). (1)

The variables (yi(l_p), s Yi0s ...,yiT) are observed but 7; is an unobservable individual effect. The
p X 1 vector of initial observations is denoted as yzO = (yi(l,p), ...,yig)/.2 We abstract from additive
aggregate effects by regarding y;; as a deviation from a time effect. It is convenient to introduce the

notation x;; = (yi(t,l), cery yi(t,p)),, a = (a1, ...,a,)", and write the model in the form:

yi = Xia + ;0 +v; (2)

2We assume that ¢ is observed for notational convenience, so that the actual number of waves in the data is T7° = T+p.



where y; = (yi1, ..., vir)'s Xi = (i1, ..., xi7)’, t is a T x 1 vector of ones, and v; = (v;1, ..., v;7)’ .
The following assumption will be maintained throughout:
Assumption A : {ni, y? S Yily eees yiT}iJ\il is a random sample from a well defined joint distribution with

finite fourth-order moments that satisfies

E (Uit ’ niay?ayih -'-7yi(t—l)) =0 (t=1,...T). (3)

This is our core condition in the sense that we wish to consider estimators that are consistent and
asymptotically normal for fixed T" and large N under Assumption A.
Note that neither time series nor conditional homoskedasticity are assumed.? That is, the uncon-

ditional variances of the errors, denoted as
2 2
E (v’it) — Ut? (4)
are allowed to change with ¢ and to differ from the conditional variances

E (0121; | %?/?,yil, ---7yi(t—1)) .

Time series homoskedasticity is a particularly restrictive assumption in the context of short mi-
cropanels, both because estimators that enforce homoskedasticity are inconsistent when the assumption
fails, and because it can be easily violated if aggregate effects are present in the conditional variance
of the process. See Arellano (2003, Section 6.4.3).

Also note that under stability of the process,*

we do not assume stationarity in mean. Let the

covariance matrix of (ni, y?) be denoted as

2
- o
Var(%)z( K %70>. (5)
Y; Yop Too
For example, when p =1 (so that a = a1, y? = i, and Tgg = o) model (1) can be written as

yir = (1+a+ ..+ ") n; 4+ o'yio + (vie + ovj_1) + - + o o) (6)

Thus, when |a| < 1, for large ¢ E (yi: | 7;) tends to the steady state mean p; = n;/ (1 — «). If the

process started in the distant past we would have

o N Juep
Yio (1 _ O[) +;a vl(*_])’ (7)

implying 7,0 = 07/ (1 — a) and voy = 07/ (1 — a)? + >0 042j02_j.5 However, here v, and 7, are

treated as free parameters. Note that an implication of lack of stationarity in mean is that the data

3Time series and conditional homoskedasticity assumptions are discussed in Arellano (2003, p. 82-83).
4That is, when the roots of the equation 2P — oy zP~1 — ... — ap = 0 are inside the unit circle.
*With the addition of homoskedasticity yoo = 02/ (1 — @)® + 02/ (1-a?).



in first differences will generally depend on individual effects. Estimation under stationarity in mean
is discussed in Section 6.

In a short panel, steady state assumptions about initial observations are also critical since estima-
tors that impose them lose consistency if the assumptions fail. Moreover, there are relevant applied
situations in which a stable process approximates well the dynamics of data, and yet there are theo-
retical or empirical grounds to believe that the distribution of initial observations does not coincide
with the steady state distribution of the process (cf. Hause, 1980, or Barro and Sala-i-Martin, 1995,
and discussion in Arellano, 2003a).

In the next two sections, we introduce the likelihood of the data given initial conditions and the
two types of likelihood functions on which our estimates are based. Namely, these are a likelihood
conditioned on the MLE of the effects and a ("random effects") likelihood in which the effects are
averaged out using normal probability weights with a variance that is also estimated. Later, we
examine the role of mean stationarity restrictions. Altogether, we consider four different estimators,
which are displayed in Table Al according to whether they use the data in levels or in differences,
and whether they impose mean stationarity or not. Random effects ML in levels will emerge as the
natural estimation approach unless the effects have a very large variance that cannot be estimated. As
for mean stationarity restrictions, their justification is often weak, and in our applications they turn

out not to be essential for precision nor are they supported by the data.

3 Bias-Corrected Conditional Score Estimation

3.1 Normal Likelihood Given Initial Observations and Effects
Under the normality assumption

it | 42, s Yit—1)s M ~ N (Qayi—1) + - + pYi(t—p) T Mis O‘?) (t=1,...T), (Assumption G1)
the log density of y; conditioned on (y? , ni) is given by

Inf (yi |49, m;) = —% Indet A — %UZ{A_le- (8)

where A is a diagonal matrix with elements (o%, . a%) .
The MLE of 5; for given a, 0%, ...,0% that maximizes (8) is

~

M =Y; — Tyox 9)

where ¥, and 7; denote weighted averages of the form y; = 23:1 v,y with weights

—2
9y
= ) 10
P I — (10)
Concentrating the log-likelihood function with respect to the individual effects we obtain

N NT 1 &
L*=—"Indet® — —Inwp — =— Y v} (®— /), (11)

2 2 2w P



where ® is a diagonal matrix with elements (¢q, ..., ¢7) and wy is the variance of the weighted average
error:

1
wr =Var(v;) = ———5. 12
T (i) (71_2—1—...4—0}2 (12)

It is useful at this point to note that the following identities hold:

T 2
_ 1 T,
/D' (DAD)) ' Dv; = PACEL ZOEEDY (”taf) (13)
t=1 t
Indet (DAD") = —Indet®+ (T — 1) Inwy (14)

where D is the (T'— 1) x T first-difference matrix operator. Thus, L* can be equally regarded as a
function of the data in first differences or in deviations from (weighted) means.® Note that with 7' = 3
(i.e. (3+ p) time series observations per unit), DAD’ is unrestricted:

2 2 2
—095 05 + 03

Moreover, the relationship between period-specific and within-group variances is given by

o = B (v —5)’| +wr (t=1,..7). (15)
The MLE of « for given weights is the following heteroskedastic within-group estimator
TN T LN T
a= 1> > ¢ (i —7) (xa —wz‘)'] S e (wie — ) (vie — Ti) » (16)
Li=1 t=1 i=1 t=1

which in first differences can also be written as

N -1 N
a=|Y x/D'(DAD')" DXi] S X/D' (DAD') ™" Dy,. (17)
Li=1 i=1

Finally, the MLE of wr for given weights is

1 N T
Wy = ﬁzz% (Uit*@')2-

i=1 t=1
Note that, in common with the situation under homoskedasticity, both @ and & suffer from the
incidental parameters problem. Firstly, although x;; and vy are orthogonal, their deviations, (z;; — T;)
and (vi — 7;), are not, leading to a bias in a. Secondly, wr evaluated at the true errors and weights
will be inconsistent for fixed T' due to lack of degrees of freedom adjustment, as evidenced by the
equality

T

wr=F (Tl_ 1) tzl(pt (Uit — 61')2 . (18)

% According to (13), the weighted sum of squared errors in deviations is also a weighted sum of cross-products of the

errors in first differences Av;; = Ay — Azl contained in the vector Dw;.



3.2 Likelihood Conditioned on the ML Estimates of the Effects

Provided G1 holds, the ML estimates of the effects 1, = 1, + v; at the true values of the common

parameters (a,o%, ...,a%) satisfy

Moreover, the conditional log density of y; given y,g,7;,7; is given by
1 1 _
o f (i | 4.0;,7;) = —5 Indet (DAD') — SoiD' (DAD') ' Doy, (20)

which is a within-group density that does not depend on 7;. This result follows from subtracting
(8) and the normal density of 7); | v¥,7; while using the identities (13)-(14). Thus, (8) admits the

decomposition

which confines the dependence on 7, to the conditional density of 7);. Similarly, any marginal density

for y; | y? , which uses a prior distribution on the effects, can be written as

Flilyd)=Ff (il vdn) f @ | ?)- (22)

The log-likelihood conditioned on 7); is therefore given by

N N(T -1 1
Lo =—71Indet® — NI 1) Inwy — — Y v (& — ®u/®) v, (23)
2 2wT im1
or
N e
Lc =~ Indet (DAD') — 5 >~ vjDf (DAD') ™" Duj, (24)

i=1

which is similar to the concentrated likelihood (11) except that it incorporates a correction for degrees
of freedom. In a model with strictly exogenous x;, Lo coincides with the likelihood conditioned on suf-
ficient statistics for the effects, which provides consistent estimates of both the regression and residual
variance parameters. However, in the autoregressive situation, the estimator of o that maximizes L¢
satisfies a heteroskedastic within-group equation of the same form as (16) and is therefore inconsistent
for fixed T

Inference from a likelihood conditioned on the ML estimates of the effects may lead to consistent
estimates provided the scores of the common parameters and the effects are uncorrelated (Cox and
Reid, 1987). Cox and Reid’s approximate conditional likelihood approach was motivated by the fact
that in an exponential family model, it is optimal to condition on sufficient statistics for the nuisance
parameters, and these can be regarded as the MLE of nuisance parameters chosen in a form to be

orthogonal to the parameters of interest. From this perspective, the inconsistency of the within-group



estimator in the autoregressive model results from lack of orthogonality between the scores of o and
the effects.

In the homoskedastic case with p = 1, Lancaster (2002) showed that a likelihood conditioned on
the ML estimate of an orthogonalized effect led to a bias-corrected score and a consistent method-of-
moments estimator under homoskedasticity. Following a similar approach, we construct a heteroskedasticity-
consistent estimator as the solution to a bias corrected version of the first-order conditions from the
likelihood conditioned on the MLE of the effects.

3.2.1 First-Order Conditions

The derivatives of Lo with respect to a and 6 = (a%...a%), are given by
N
L _

88; = ZXgD’ (DAD') ' Du;. (25)
i=1

dLc 1 al / / n—1 1/ /

=0 =3 > K'(DAD' @ DAD')" vec (Dv,D' — DAD) (26)

i=1

where K is a (T — 1)? x T selection matrix such that vec (DAD') = K0.
Thus, the conditional MLE of e and 6 solve, respectively, (17) and

N
0= (K'r 1K) K’T—% > wvee (DvwiD') . (27)
i=1

where Y = DAD' @ DAD'.”

3.2.2 Bias-Corrected Conditional Scores

Under Assumption A the expected conditional ML scores are given by

E [X;D’ (DAD’)_IDv,} = —hr(a,¢) (28)
E K’ (DAD' @ DAD') " vee (DD’ — DAD')| =0 (29)
where
O Cre
©'Cpt

"Maximizing Lo with respect to wr and (g,...0p) for given a, subject to the adding-up restriction /®: = 1, the
first-order conditions for variance parameters can also be written in a form analogous to (15) and (18) as shown in
Appendix A.1.



0 0
Cj = ( B7l 0 ) (31)

and Br_j is a (T' — j) x (T — j) matrix such that

1 0
—Q1 1 0 e 0 0
—Q2 —Q1 . 0 e 0 0
Br_j= (32)
0 0 1 0
0 0 7 Y e B

When p =1, hr (o, ¢) is a scalar function given by

T-1

hr (o, ) = Z (1+a+...—|—0zt_1) Oyt (33)
t=1

Under homoskedasticity ¢, = T~! for all ¢, and the bias function (33) boils down to the expression in
Nickell (1981) and Lancaster (2002), which for o < 1 is®

o b ()

In view of (28)-(29), heteroskedasticity-consistent GMM estimators can be obtained as a solution

to the nonlinear estimating equations

N
S"X/D' (DAD) ™ Dv; + Nhr (o, 0) = 0 (35)
=1
N
K' (DAD' ® DAD') ‘wee Y (Dvjw,D' — DAD') = 0. (36)
i=1

Consistency of the bias-corrected score estimator (BCS) that solves (35)-(36) does not depend on
normality nor on conditional or time-series homoskedasticity.
BCS estimation is not possible from a (2 + p)-wave panel (i.e. T = 2) because in that case « is

not identified from the expected scores, which for p = 1 are given by

El(ya — yio) (viz —va1)] = —oi (37)
FE [(Uig — Ui1)2:| = O’% + U%. (38)

¥Note that although the bias of the CML scores only depends on (a, ¢), the asymptotic bias of the CML estimator of
a as N — oo also depends on the covariance matrix of (7]1-, y?). Approximate bias formulae for homoskedastic WG were
derived by Hahn and Kuersteiner (2002), and Alvarez and Arellano (2003). A bias-corrected estimator so constructed

removes bias to order 7~2 but is not fixed-T" consistent.



This situation is in contrast with Lancaster’s BCS estimator that enforces time series homoskedasticity
(hence achieving identification from (37)-(38)), or the bias-corrected within-group estimator considered
in Kiviet (1995).

The moment equations (28)-(29) are satisfied at the true values of («, ) but there may be other
solutions. For example, in Section 7 we find that when T" = 3, p = 1 and a = 1 there are two
observationally equivalent solutions under heteroskedasticity, so that o and 6 are only locally identified.
The solutions of the bias corrected scores for autoregressive models without heteroskedasticity have
been studied by Dhaene and Jochmans (2016). A characterization of the solutions of bias corrected

scores with time series heteroskedasticity remains an open question.

3.3 Modified Conditional Likelihood Interpretation

If the weights ¢ are known and p = 1, the method of moments estimators of a and wr based on the

bias corrected scores
E [x;D’ (Dd1D') ! Dvl} = —wrhr (a, @) (39)
E[v{»D’(D(I)_lD’)_lei} = (T - 1wy (40)

can be regarded as the maximizers of the criterion function

Lor = Lo + Nbr (a, ) (41)
where
T— 1
t=1

which is the integral of hy («, @) up to an arbitrary constant of integration that may depend on .
Following Lancaster (2002), Logr can be interpreted as a Cox-Reid likelihood conditioned on the
ML estimate XZ of an orthogonal effect A; (Arellano, 2003a, p. 105)

N
Ler=)Y Inf (yz \ yio,)\i) , (43)
i=1
or as an integrated likelihood

N N N
Lor =) Inf(wilvio) =Y Inf(wilvio,n)+ > Inf(@|vi) (44)
=1 =1

in which the chosen prior distribution of the effects conditioned on y;q is such that the marginal density

of 1; | yio satisfies:

f @i | yio) = ki (i9) 7(%) (45)

where k; (¢) is a version of the constant of integration.



The first interpretation is based on a decomposition conditional on XZ similar to (21), whereas the
second relies on factorization (22).

With unknown weights and p > 1 there is no orthogonal reparameterization, but for a heteroskedas-
tic AR(p) model with unknown weights the BCS estimating equations coincide with the locally or-
thogonal Cox-Reid score function discussed in Woutersen (2002), Arellano (2003b), and Arellano and
Hahn (2007), as we show in Appendix C. Thus, in our setting a first-order bias adjustment to the

score is an exact correction that removes fully the bias, hence leading to fixed-T' consistency.”

4 Random Effects Estimation

The analysis so far was conditional on y? and 7);. Conditioning on y? avoided steady state restrictions,
but by conditioning on 7; estimation is exclusively based on the data in first-differences. We now
turn to explore marginal maximum likelihood estimation based on a normal prior distribution of the
effects conditioned on y?, with linear mean and constant variance. A sufficient condition that we use
for simplicity is:
Assumption G2: (ni, y?) is jointly normally distributed with an unrestricted covariance matrix.
Normality of ylo is inessential because its variance matrix is a free parameter, so the following
analysis can be regarded as conditional on 3?. Clearly, assumptions G1 and G2 together imply

that (171-, y? S Yily ey yiT) are jointly normally distributed.

4.1 The Random Effects Log-Likelihood
Under G2, the MLE of 7, conditioned on y? is normally distributed as
i |y ~ N (¢, 02) (46)

where ¢ = Faolfyno and 02 = wr + a% — 7;70F5017n0' So, using factorization (22), the density of y;

conditioned on y) but marginal on 7, is:

Inf(yi|y)) = —% Indet (DAD') — %ng’ (DAD’)‘1 Du;
1 1 _ 2
—5ln0§—27§(yi—a’xi—¢’y?) . (47)

Thus, letting u; = J; — &/T;, the random effects log-likelihood is a function of (a, o2, UQT, o, Ug)

9Dhaene and Jochmans (2016, Lemma 2.2) show that in a homoskedastic AR(p) model there is an adjusted log-
likelihood associated with the bias-corrected scores, despite the fact that orthogonalization is not possible when p > 1.
They also show that there is a corresponding data-independent bias-reducing (bias-eliminating in this case) prior in the

sense of Arellano and Bonhomme (2009).

10



given by

with scores:

" 855+§§3x (@~ ¢'vi) (49)
6;—: = ZL—; + %é@p’ (DAD’)‘1 Du; (u; — ¢'y?) (50)
8;; = Jlgﬁ;y? (@ — ¢'y?) (51)
2{“,’5 = 2(1,21 :1 (@~ ou) = 02| (52)

Under Assumption A the expectations of the second terms in the scores for a and 6 at true values

are (see Appendix A):

E {013561 (w; — ¢/yzo)] = hr (o, p) o
and
AT

Therefore, in view of (28) and (29), under Assumption A the expected scores evaluated at the true

values of the parameters are equal to zero:

E {X{D’ (DAD') ™! Dv; + %f (w; — qﬁ’y?)] =0

£

1 _
E [QK’ (DAD' @ DAD')™ " vee (DviD' — DAD')
1 -1 _
+§(I)D/ (DAD’) Du; (uz — ¢/y?):| =
15
By} (@ —¢'y))] =0
_ 2
E [(uz —d'y})” - Ug} =0.
The random effects maximum likelihood estimator (RML) solves the estimating equations (49)-

(52) and is consistent and asymptotically normal under assumption A regardless of non-normality or

conditional heteroskedasticity.

11



In a (2 + p)-wave panel (7" = 2) the model is just-identified and the RML estimator coincides with

the Anderson-Hsiao (1981) estimator based on the instrumental-variable conditions
E [y} (Ayia — c1Ayin — ... — apAyiap))] = 0. (55)

A random effects likelihood function for an autoregressive model with time series heteroskedasticity
under the normality assumption G2 was first considered in Chamberlain (1980, p. 234-235). Similar
likelihood functions for homoskedastic models have been considered in Blundell and Smith (1991),
Sims (2000), and Alvarez and Arellano (2003). Correlated random effects approaches more generally
are discussed in detail in Chamberlain (1984).

4.2 Efficiency Comparisons

In order to compare the relative efficiency of the BCS and RML estimators, it is useful to notice that

RML is asymptotically equivalent to an overidentified GMM estimator that uses the 2 (7' + p) moment

conditions:
E :X{D’ (DAD')™! sz} = —hr () (56)
E K’ (DAD' @ DAD') " vee (DoiD' — DAD')| =0 (57)
E :(DAD’)_l Dv; (a; - ¢’y?)] =0 (58)
Ely) (@ —¢v)] = 0 (59)
E (a —¢?)? - ag} S (60)

and a weight matrix calculated under the assumption of normality. Equation (53) gives the between-
group covariance between the regressors and the error, in the same way as the BCS moments (56)
specified the within-group covariance, but it is a redundant moment condition given (58), (59) and
(60).10

BCS is based on moments (56) and (57), but RML is also using the information from the data in
levels contained in (58). The (7" — 1) overidentifying moments in (58) state the orthogonality between
within-group and between-group errors (partialling out the initial observations). Finally, (59) and (60)
are unrestricted moments that determine ¢ and o2.

Therefore, if the data are normally distributed RML is asymptotically more efficient than BCS.
Otherwise, they may not be ordered. Nevertheless, a GMM estimator based on (56)-(60) and a robust
weight matrix that remains optimal under nonnormality will never be less efficient asymptotically than
BCS, and may achieve a significant reduction in the number of moments relative to standard GMM

procedures.

YTnterestingly, (0’%, 0'3) are identified from the RML scores when 7" = 2. In that case (57) determines (0’% + 0%) and

(58) determines ;. Note that when 7" = 2 one of the two moments in (57) is redundant.

12



4.3 The Concentrated Random Effects Log-Likelihood

Concentrating Lz with respect to o2 and ¢ we obtain the following criterion function that only depends

on « and 6:
Ly =Lc— gln [(y —'7) Sp (7 - O/T)] (61)

where Sy = Iy — Yy (YO’YO)_1 Yy, and Yy = (y9, ...,y?v)/.
% can be regarded as a modified heteroskedastic within-group criterion with a correction term
that becomes less important as T increases.
A simple OLS consistent estimator of the variance weights (gol, e cprl) for given « can be obtained
from the fact that E (7;Av;;) = 0. Such an estimator is useful for providing starting values for nonlinear

likelihood-based estimation. The estimator is presented in Appendix A.4.

5 Estimation from the Data in Differences

Until now, the starting point was an interest in the conditional distribution of (y;1, ..., y;7) given y?
and 7; under the assumption that y? was observed but 7; was not. That is, a situation in which the
data was a random sample of the vectors (y?' s Yily eees yiT). In this section we maintain the interest
in the same conditional distribution as before, but assume that only changes of the y;; variables are
observed, so that the data on individual ¢ is (Ayi(g_p), - AyiT). This situation is clearly relevant
when the data source only provides information on changes, but it may also be interesting if it is
thought that an analysis based on changes is more “robust” than one based on levels. An objective of
this and the next section is to discuss the content of this intuition by relating ML in differences to the
previous conditional and marginal methods. Maximum likelihood estimation of autoregressive models
using first-differences has been considered by Hsiao, Pesaran, and Tahmiscioglu (2002).

As a matter of notation, note that observability of (Ayi(g_p), v AyZ-T) is equivalent to observing
(y;r@_p), ey y;.fT>l = (yi(g_p) = Yi(1—p)s - YiT — yi(l_p))/, since the former results from multiplying the
latter by the nonsingular transformation matrix of order (T"+ p — 1):

i (10 00
D

with det (DT) = 1. Also note that by construction yj(l_p) = 0. We shall use the notation y

F=yl'Pur =3 — g p), ote!!

T

=

Yi — Yi(1—p)tT and Xj =X; — yi(l_p)LTL;. Similarly, i

"' The following expression of @}: makes explicit the connection to the data in differences:

p T T
7= Ane + 3 (z %) Ave
j=1 t=2 \s=t
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The original model can be written as

yh = owl+ ..+ ap—ly;r(z_p) + 11} + v (62)
where
ThT =n—(1—-a1—..— ap) Yi(1—p)- (64)

Thus, the model for the deviations yTt can be regarded as a version of the original model in which

yT _ = 0 for all individuals and the effect is given by nT From the point of view of this section,
i(1-p)

bundling together y;;_,) and 7; into 773

makes sense because they are both unobserved. The usefulness
of this notation is that it allows us to easily obtain densities for the variables in first differences relying
on the previous results for the levels.

Since the shocks v;; remain the same in representation (62)-(63), applying (20) we have

In f <yl | y; ,171,17;[> %ln det (DAD") — %ng' (DAD')_1 Dv; (65)
where at true values

=gl -zl =nl 4o =0 — (1- /1) gia—yp), (66)
and following (19):

oyt NN(m,wT) (67)
Also, mimicking the marginal density decomposition in (22):

f(yf\yff) yz!yl A /f il |y ,m>dG<m!y ) (68)
Moreover, since yj(l_p) = 0 with probability one, for p = 1 densities conditioned on y?T coincide

with unconditional densities, and for p > 1 conditioning on y? T s equivalent to conditioning on

Ay = (Ayia—p)s - Ayio) . Thus, for p > 1, f (yj | Ay?) =7 <y3 | y?T) and

| Ayl nl ~ N (mT ,wT>, (69)
so that
f (yf | Ay?) =f (ylT | Ay?,ﬂ) f (ﬁj | Ay?) : (70)

Recall that the density f (yj | Ay?) is also the density of the first-differences of the data (Ay;1, ..., Ay;r)
conditioned on Ay?, which we are expressing as the product of the usual within-group conditional den-
sity and the density of ﬁj conditioned on AyY. Therefore, in the absence of steady state assumptions
about initial conditions, the form of the density of panel AR(p) data in first differences depends on
the distribution of the effects. In Section 6 we shall see that this dependence vanishes under the
assumption of mean stationarity.

In sum, the BCS approach of Section 3 produces the same estimator regardless of whether one

starts from the likelihood of the data in levels or in differences.
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5.1 Random Effects Estimation in Differences

Next, we apply the random effects approach of Section 4 to the data in differences. This produces
a different estimator (RML-dif), which as discussed below, has been shown to be more efficient than
BCS but less efficient than RML under Assumption A (Bai, 2013). Interestingly, in Section 6 we will
see that RML-dif can also be seen as a conditional ML estimator under mean stationarity.

Let <¢T, a?) denote the linear regression coefficients of ﬁj on Ay?, so that o1 satisfies
o2l = O'E]T +wr —¢"Var (Ay?) ol (71)
Under the normality assumption G2
Al Ay ~ A (oay, o).

we have the following “random effects” log density for the data in first differences

1 1 .
I f (Ayi, . Ayir | Ayl) = —3Indet (DAD') — Sv/D' (DAD) ' Dy,
1 1 2
—otnot - — (gl —ala - otay?) (72)
2 20z

Therefore, the random effects log-likelihood for the data in first-differences is a function of the

parameter vector <a, a%, - U2T, agT, (ﬁT) given by

N 1 & 2
Lgrp = L¢ — 5 Ino? — —r Z (yj - a’fz - qST'Ay?) . (73)
208 33
Concentrating Lpp with respect to o2 and ¢!, and letting SQ=Iy-Yp (YAO’YAO)_l YV with Y =

(Ay?, ey Ay?\,)l, we obtain the following criterion function that only depends on o and 6:
N /
Lip =Lo =~ n (y* — a’f*) S (g* — o/ff) : (74)

which, in common with (61), can be regarded as a modified heteroskedastic within-group criterion
with a small T" correction term.

The random effects ML estimator in first-differences (RML-dif) maximizes L}, and is consistent
and asymptotically normal under assumption A regardless of nonnormality or conditional heteroskedas-
ticity.

In the p = 1 case, the term Ay? does not occur, so that (72) becomes a marginal density for the

data in first differences and the log-likelihood is just a function of <a, 0%, ..., 0%, a§T> given by

1 N

N . N2
Lgrp :LC—ElnagT—ﬁZ(y;{—ax;r) . (75)
€ =1
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5.2 Underidentification in a (2 + p)-Wave Panel (7' = 2)

In common with BCS, RML-dif estimation is not possible from a (2 4 p)-wave panel because « is not
identified from the expected scores of Lrp. In contrast, RML achieves identification by relying on the
data in levels. The relationship between the two procedures is best illustrated by examining for p = 1

the covariance matrix of the transformed series

Yio Yoo Yoalr YoAz2
VCLT’ Ayil = Q* = 70A1 s
Ayio YoA2 Qa

where 2* is a non-singular transformation of the covariance matrix in levels and 2 is the covariance
matrix in first-differences. Thus, a model of A is equivalent to a model of Q* that leaves the
coefficients vqg, Ypa1 and ygao unrestricted (Arellano, 2003a, p. 67). With 7" = 2, the only identifying
information about « is precisely the restriction ygag = @yga; satisfied by those coeflicients, hence lack
of identification from Qa. Under time series homoskedasticity, « is identifiable from QA when T = 2,

but in that case all the information comes from the homoskedasticity assumption.

5.3 Efficiency Comparisons

If the data are normally distributed RML is asymptotically more efficient than RML-dif, which in turn
is more efficient than BCS. The relative efficiency of RML-dif with respect to BCS under normality
is a consequence of the fact that both are statistics of the first differenced data, but the former is the
maximum likelihood estimator.

In the absence of normality, using a factor analytical formulation, Bai (2013 Theorem S.4) shows
that the RML (resp. RML-dif) estimator of « is fixed-T efficient in the sense of being asymptoti-
cally equivalent to the optimal GMM estimator that enforces the restrictions implied by our baseline
assumption (Assumption A) on the second-order moments of the data in levels (resp. differences).
Moreover, regardless of normality, under Assumption A estimates based on first-differences alone will
never be more efficient than the optimal GMM estimator based on the full covariance structure for

the data in levels.

6 Estimation Under Stationarity in Mean

In this section we consider conditional and marginal maximum likelihood estimators that allow for
time series heteroskedasticity but exploit the stationarity in mean condition discussed in Section 2.

Namely, that for every ¢ the mean of y;; conditioned on 7; coincides with the steady state mean of the
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process p; =1,/ (1 — a/1p). Specifically, we assume:

Cov (n;, Yi1—p)) )
O- .
Voo = : = m%. (Assumption B)
Cov (13, yio)

Under assumptions A and B the correlation between y;; and 7; does not depend on ¢, so that the first
differenced data are orthogonal to the effects. This situation led to orthogonality conditions for errors
in levels used in the “system” GMM methods considered by Arellano and Bover (1995) and Blundell
and Bond (1998). System GMM remained consistent in the presence of time series heteroskedasticity,
and the random effects estimator discussed below can be regarded as a likelihood-based counterpart

to these procedures.

6.1 Conditional Maximum Likelihood Estimation

In order to construct a likelihood conditioned on the ML estimator of the effects under mean station-

arity, we consider the following conditional normality assumption for y? given the effects:
yi | iy ~ N (pitps Soo) (Assumption G'3)

3 _ /2 / 2
where Yo satisfies Yoo = Loo — tptp0; (1 —aup)”.

Under assumptions G1 and G3
vi | i~ N (piz, V) (76)

where y! = (4%, yit, .., yiT)/, 7 denotes a vector of ones of order (T + p), and

V =TAT (77)
with
> 0 I 0
A= =0 9 po v 1 (78)
0 A -B,." Br, Br
and
—Qp —0p_1 —Q
0 —ayp —Qy
Bry = 0 0 (79)
0 0 0
Thus
T 1 L, 7 N =1 (.T =
In f (yz | Hi) = ) Indet V' — ) (yz - NiL) Vv (y@ - Mib) . (80)
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The MLE of y,; for given  and AT is
o= @V ) vyl (81)

Next, to obtain the density of yZT conditioned on fi; (at true values of o and AT), it is simpler to use

the transformation matrix

b ( (Z’V—lz);lz’v—l ) | (82)

D

which transforms y! into (/’lz, ﬁy;‘p), where D denotes the (T'+p — 1) x (T + p) first-difference matrix

operator. Since y! | p1; is normal so is Hy! | p;. Moreover,

. (@v)Tt o
Var (Hy; | 1) = < 0 VD > (83)

so that 7i; and Dyl are conditionally independent. Therefore,
Flul ) =f Ryl | ) ldet ®| = f (Dyl) f i | ) - (84)

This is so because Dy is independent of p1; and the fact that |det H| = 1 (Arellano, 2003a, p. 94).
Therefore, the density of 3 conditional on Ji; does not depend on pi; and coincides with the density

for the data in first differences:

T
F ol | B ) = W =/ (Dy) - (85)
Thus, the log-likelihood conditioned on the ML estimates of the effects under mean stationarity is a
function of (a, o2, ...,02T,vech200) given by
N SN LA R R
Les = = Indet (DVD) —5> 4D (DVD ) Dy?. (86)

1=

This result is similar to the one discussed by Lancaster (2002) for a homoskedastic stationary model

with p = 1.

6.1.1 Comparison with the Marginal Likelihood for Differenced Data

Here we explain that Lcg in (86) is the same function as the random effects likelihood for differenced
data in Section 5. The implication is that RML-dif without mean stationarity is the same estimator
as conditional ML with mean stationarity.

In the previous section we obtained a random effects likelihood (73) for data in first-differences
without assuming mean stationarity as a function of (a, o, ..., UZT, O’?T, qu). This likelihood was con-
ditioned on Ay (unless p = 1), but adding to it the likelihood of Ay?, we can write the likelihood of
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EyiT in the absence of mean stationarity as a function of (a, o3, J%, U?T, qu) and XA = Var (Ay?)

given by!?
_ N 1 —15,0/y,0
Lrpu = Lrp — 5 Indet ¥a — St (SR'YR'YR) . (87)

If p = 1 the likelihood of Dy! in the absence of mean stationarity coincides with Lgp in (75).

In general, o1 satisfies expression (71), which under mean stationarity becomes '3
2 -1
o2t = (1= a'tp)” 000 + wr — 019D}, (DpZoo D))~ Dyoio (88)
where we are using the partition of Y
o0 O1o
Yoo = (89)
o0 X1
Similarly, under mean stationarity
-1
¢' = (DpSooD),) " Dyoio. (90)

However, both agT and ¢' remain free parameters because so is Xgp.

Thus, the restriction of mean stationarity is immaterial to the data in first differences. Lrpy and
Lcg are different parameterizations of the same criterion. Depending on ones taste it can be regarded
as a mean-stationary conditional likelihood or as a nonstationary random effects likelihood for the first
differenced data.'* In particular the estimator that maximizes Log (or Lpp) will be consistent under
Assumption A regardless of mean stationarity.'

Note that under homoskedasticity or covariance stationarity the situation is different because Yoo

is no longer a matrix of free parameters, but tied to o and the common variance o2.

6.2 Random Effects

If in addition to assumptions G1 and G3 we assume that p, is normally distributed (as implied by

G2), we can obtain the integrated density marginal on p;:

T = / £ T | ) dG (1) (91)

2Note that ¥a = D,pTooD,, where D, is the first-difference operator of order (p — 1) x p.
BWhen p =1 we just have goo = 2o and U?T =(1- a)2 000 + wr.
Y"For further intuition, note that when p = 1, letting n, = (1 — ) u;

; and vio = Yi0 — p; we can write (6) as yir =

By + 3t ;- and in first-differences as Ay = vie — (1 — @) Y., @® 'v;(4—s). Under mean stationarity p; and vio
are uncorrelated, which constraints the data covariances in levels. However, the covariance restrictions for the differenced

data remain the same regardless of mean stationarity; only the interpretation of the variance of v;o will change.
15 A conceptual difference is that since 02" and ¢! do not depend on 0% under mean stationarity, they would remain

constant as a% — 00.
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whose log is given by

Inf(yl') = —% Indet 2 — %yiT’QflyiT (92)
with

Q=o' + V. (93)

Therefore, the random effects log-likelihood under mean stationarity is a function of the parameter

vector (a,a%, ...,a%,vechZoo,U%) given by

N 1
Lps = 5 Indet 2 — 3 ZyiT'Q_lyiT. (94)
i=1
The random effects ML estimator subject to mean stationarity (RML-s) maximizes Lgrg and is
consistent and asymptotically normal under assumptions A and B regardless of non-normality or
conditional heteroskedasticity.
In a three-wave panel with p = 1 (T" = 2), the mean stationarity assumption imposes one restriction
in the data covariance matrix €2, which corresponds to the orthogonality conditions for the system
GMM estimator simulated in Arellano and Bover (1995):

Elyio (Ayiz — aAyin)] = 0
E[Aya (yi2 —ayin)] = 0.

RML-s provides a one-step estimator based on 7'+ 1 + p(p + 3) /2 moment conditions that is
asymptotically equivalent to two-step GMM system estimators under conditional homoskedasticity,
and more efficient than standard one-step system estimators under time series heteroskedasticity.

As in the previous sections, the comparison between conditional and marginal ML estimates under
stationarity can be understood as a straightforward comparison between covariance matrices of data
in levels and first-differences

6.2.1 Relation to RML without Mean Stationarity

Equation (48) in Section 4 gave the random effects log-likelihood conditioned on y?. Adding to this
expression the likelihood of 39, we can write the likelihood of yiT in the absence of mean stationarity

as a function of (a, o2, a%, ¢, 02, vechFog) given by
Lry =L — 5> Indet T'gg — Etr (Too Yo Vo) - (95)
If p =1, in the parameterization of Lgy, mean stationarity can be expressed as the restriction

o2 =(1—a)é(1—¢) vy +wr. (96)

Thus, RML-s can also be obtained maximizing Lgy subject to (96) in that case.
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7 Unit Roots

In this section we discuss the possibility of identification failure when the autoregressive process has

a unit root. We focus on the p = 1 case, so that the unit root model is
Yit = tn0; + Vit + Vig—1) + ... + Vi1 + Yio.

For this process, if a% = 0 the rank condition for GMM based on lagged levels as instruments for
errors in differences fails, because changes in y;; are uncorrelated to lagged levels (e.g. Arellano and
Honoré, 2001).1® Thus, a would not be identified from RML in a three-wave panel (T' = 2) when the

true value is one, since in that case RML coincides with the IV estimator based on
Eyio (Ayiz — aAyir)] = 0.

Since the estimating criteria for the previous estimators depend on the data exclusively through
second moments, it is useful to first look at the restrictions implied by the model on the data covariance

matrix. Following Ahn and Schmidt (1995), for T' > 3 these restrictions can be represented as
E [yis (Ayis — aAy;p-1))] =0 t=2,..,T;5=0,...,t —2) (97)

E [(Ayip—1) — @Ay;—2)) (¥t — awi—1))] =0 (¢ =3,..,T). (98)

When T' = 3 and the true values are @ = 1 and 5727 =0, (98) consists of just one quadratic equation
a1a2 +bia+c1 =0 (99)

with coefficients given by

a1 = E(yelyn) =7,
b1 = —FE(ylye +ysAyi) = — (5% + Eg)
a = E(yisAyi) =73

where 77, 53 and 73 denote the true values of the error variances.

Equation (99) has two roots given by

100
25% =1 ( )

Ql

7+ (7o) { ot =73/

Therefore, under time series heteroskedasticity there is local identification from (99) but not global
identification. If 52 = 73 there is global identification but first-order underidentification, because the
first derivative of (99)

2a1a0+b; =0 (101)

When a = 1 and 0?7 = 0, heterogeneity only plays a role in the determination of the initial observations of the

process. In contrast, if 03, # 0 the model is a random walk with heterogeneous linear growth.
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vanishes at « = 1. In that case there is second-order identification because oz = 1 is the only solution
to equation (101) and the second derivative does not vanish (Sargan, 1983).!7

In general, we get T'— 2 equations of the same form as (99), each one with a solution of the form
of = 07,,/57, aside from unity. Thus, for 7' > 3 there is both first-order and global identification
from (98) under heteroskedasticity, unless the unconditional variances change at a constant rate of

growth (i.e. o7,,/57 is constant for t = 1,...,T — 2).

7.1 Heteroskedastic BCS and Unit Roots

Next, we develop the local identification result for the bias-corrected CML scores when T" = 3. The

expected BCS equations are given by

E [:c;D’ (DAD') ™ Dvi] = —hr(a,9) (102)
E K’ (DAD' @ DAD') " vee (DD’ — DAD')| = 0. (103)
where
Ay; Ay;
Dz; = v , Dy = v ;
Ay;o Ay;s
(DAD’)fl— 1 03+ 03 o3
- 2.2 2 2 2 2 2 2 2 ’
(0103 + 0103 + 0503) ep; o1+ 03
and
o

hT(aaSO):‘P2+(1+a)SO3:( (03 + (1+a)03).

2 2 2 2 2 2
0105+ o703+ 0203)

When the true values are @ = 1 and 5727 = 0, the first score (102) can be written as

2 2 2 =2 =2
o5+ o0 o ooy —0O
tr 2 3 2 L 2 =03 [(U% + U%) + oza%] (104)
o3 o? + o3 0 a3
Moreover,
—2 29 —2
o5 +a“c —Qao
E (Dving/) = 2 L ! L 2272
—Q0y 03+ a®05

Hence, in view of the second block of scores (103), we have

G2+ a’er = o2 +03 (105)
oﬁg = 0%

=2 22 2 2

o3 t+a“c; = 05+ 03

'"A similar result under homoskedasticity was independently found by Ahn and Thomas (2006).
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Now, substituting in (104)

=2 22 =2 =2 =2
o3 + a0 ao ao] —0
3 2 2 1 2 —2 22 —2\ (=2 22
tr = (02 + ooy — 0402) (03 + 2« 02) ,
ac? =2 22 0 =2
5 05 + a0y ooy

which can be rearranged as
(1-a) (75 —71a) (75 + 2530%) = 0. (106)

Thus, as before there are two real roots: @ = 1 and o* = 73/52. Corresponding to o = 1 we have

oi o1
2 | | =2

o5 | =1 o5 | (107)
2 —2

03 03

—2
o3 o 73
—=4
2 — 2% — g2
o2 |=| o | = % . (108)
=4
2 2 —2 02 (=2 _ =2
U3 U3 0'3—;411<0'1—O'2)

7.2 Expected RML Likelihood

Finally, we consider the expected random effects likelihood for one observation when 7' =3, @ = 1

and 6727 = 0. This is a function of (a, 02,03, O'%, o, ag) given by

E(Lri) = _% Indet (DAD') — %tr [(DAD/)A E (DUW;D/)} (109)
1

—51110'? —

Y [(ﬂi - ¢y¢0)2}

202
Note that the true values of ¢ and o2 are ¢ = 0 and 72 = wr.

Maximizing E (Lg;) with respect to ¢, o2 for given (a, 02,032, Ug) we get

p=1-a (110)

ol =E (?i—afi—(l—a)yioﬂ =F [(yg—afﬁ;r)? : (111)

Therefore, the concentrated expected likelihood for the data in levels and in differences coincide. An
implication is that when @ = 1 and 5727 = 0, RML in levels and RML in differences are asymptotically
equivalent.

Moreover, the maximum of F (Lpg;) is attained at

1 3
max E (Lg;) = —3 In (615353) — 3 (112)
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— =2 =2 =2 T —2 2 2 2k gx 2
by (a,01,02,03,¢, 05) and (a*,al*,UQ*,a3*,¢ ,0’6*), where
—2
o
" = 1-a*=1--2 (113)
71
—2-9-9
2 019293
% T 5 ik o (114)
0503 + 025—% + 0

which completes the characterization of the two observationally equivalent points.

8 Calculations of Relative Asymptotic Variances

We perform numerical calculations of the asymptotic variances for various estimators of the autore-
gressive coefficient. We report, for p = 1, the asymptotic variances of both homoskedastic and het-
eroskedastic BCS and RML-dif estimators, relative to the corresponding RML in levels, calculated
under the assumption of normality. Formulae for the asymptotic variances are derived in Appendix
B.

The interest of the exercise is in providing information on the efficiency gains that can be expected
from the levels of the data, relative to only using first-differences, when RML is the maximum likelihood
estimator, and stationarity restrictions are not enforced. In addition, we also get to know about the
magnitude of the asymptotic inefficiency of BCS relative to RML-dif under normality.

Figures 1 and 2 show values of the asymptotic standard deviations of the homoskedastic BCS and
RML-dif estimators relative to the standard deviation of RML, for non-negative values of a. The
calculations are for T = 2, 3, and 9, under stationarity and homoskedasticity with o2 = 1.1%

The T = 2 case is special because in that situation BCS and RML-dif coincide and their ability to
identify « rests exclusively on the homoskedasticity restriction.

In Figure 1 the variance of the effects has been set to zero (A = 037/02 = 0), whereas in Figure 2
a% and o2 are equal (A = 1). The relative inefficiency of both estimators increases monotonically with
«a and decreases with A and T. Figure 1 shows potentially important efficiency gains from using the
levels when T' = 3 and « is large, but the gains become much smaller when A = 1, as shown in Figure
2.

In Figure 3 we explore the impact of nonstationarity. We calculate the same relative inefficiency
measures as in the previous figures for different values of the ratio of the actual to the steady state
standard deviations of yg. Thus, under stationarity x = 1, and a value of Kk = 2 means that the
standard deviation of initial conditions is twice the standard deviation of the steady state standard
deviation of the process. We set T' = 3, A = 0, and o = 0.9, so that we essentially calculate the
maximal inefficiencies for each value of k. For k < 1, the inefficiency of BCS can be enormous,

whereas the inefficiency of RML-dif is much smaller and shows a non-monotonic pattern.

8Because of stationarity v,y = 02/ (1 — ozz), so that it increases with a.
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Turning to heteroskedastic estimators, Figures 4 and 5 display relative inefficiency ratios for het-
eroskedastic BCS and RML-dif, similar to those in the previous figures. The calculations are under
homoskedasticity and stationarity, for A = 0 and 1, 7= 3 and 9, and 02 = 1. As before, the inefficien-
cies of heteroskedastic BCS and RML-dif increase with a and decrease with A and T, but they have
larger magnitudes than those of their homoskedastic counterparts.

Table 1 illustrates the extent of these differences by showing the inefficiencies of homoskedastic and
heteroskedastic estimators for selected values of the parameters. Some of the inefficiencies are quite
large. For example, for the heteroskedastic estimators with a = 0.8, 7° = 4 and A = 0, the standard
error of RML-dif is more than twice that of RML-lev, and the standard error of BCS is more than
three times as large.

Finally, Figure 6 reports asymptotic standard deviations of BCS and RML when o« =1 and A =0
(in this case RML-dif and RML-lev are asymptotically equivalent) for 7" = 6 and a single break in the
error variance. Standard deviations (scaled by v/900) are given as a function of the percentage change
in variance and for two different locations of the variance break (which takes place either during the
last 2 or the last 4 periods).!? As expected, asymptotic standard deviations decrease with the strength
of heteroskedasticity, and are smaller when the variance break is centrally located than when it only

occurs during the last two periods.

9 Empirical Illustration: Individual Earnings Dynamics

In order to illustrate the properties of the previous methods, we estimate first- and second-order
autoregressive equations for individual labour income using two different samples. The first one is
a sample of Spanish men from the European Community Household Panel (ECHP) for the period
1994-1999. The second is a sample from PSID for the period 1977-1983 taken from Browning, Ejrnees,
and Alvarez (2010).

There are N = 632 individuals and 79 = 6 waves in the Spanish data set, and N = 792 and 7° = 7
in the PSID sample. All individuals in both data sets are married males, who are aged 20-65 during
the sample period, heads of household, and continuously employed. The earnings variable is similarly
defined in the two samples as total annual labour income of the head.

The variables that we use in the estimation are log earnings residuals from first-stage regressions on
age, age squared, education and year dummies (see Browning, Ejrnees, and Alvarez 2010, for further
details on the PSID sample, and tables A2 and A3 for the Spanish sample). Log earnings have a much
higher variance in the PSID sample than in the Spanish one. Moreover, the PSID data show a sharp
rise in the variance of earnings in 1982 (a widely documented fact), whereas there is no appreciable
change in the variance in the Spanish sample during the (different) years that we observe.

The AR(1) results for the Spanish data are reported in the first part of Table 2. Heteroskedastic

0 . . [ —
When o = 1, we considered choices of vy, and Vo of the form 4 = ko> + K’05 and Yoo = kog, where o° =

71 ZZ;I o2. But for the calculations in Figure 6, since 0’% = 0 the results turn out to be invariant to the choice of k.
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bias-corrected score (BCS) and random effects (RMLr) estimates of the autoregressive coefficient are
very similar. They are also very close to the homoskedastic random effects estimate (RMLnr), which
is not surprising given the absence of change in the period-specific variance estimates reported in the
table. By comparison, the AR(1) GMM estimates (one- and two-step) are very small, given that
GMM, BCS, and RMLr are all consistent under similar assumptions. The system GMM estimator,
that relies on mean stationarity, is more in line with the likelihood-based estimates, although probably
for the wrong reasons, given the rejection of mean stationarity that is apparent from the Sargan test.
The RMLr estimate subject to mean stationarity is smaller than system-GMM, but a Wald test of
the mean stationarity restriction rejects (with a “t ratio” for o2 of 2.54). Finally, the within-group
(WG) estimate and the random effects estimate that rules out correlation between the effects and
initial observations (RML, ¢ = 0) exhibit, respectively, the downward and upward biases that would
be predicted from theory.

The AR(1) results for the PSID sample, reported in Table 3, also show a marked discrepancy
between the likelihood-based estimates and GMM, and a similar rejection of mean stationarity from
the incremental Sargan test, although not from RML estimation (the “t ratio” for o2 is just 0.16). In
the PSID data there is more state dependence than in the Spanish data, at least as measured by the
first-order autoregressive coefficient. There is also more variation in the errors and substantial time
series heteroskedasticity. The latter translate into a small but noticeable upward bias in the RML
estimate calculated under the assumption of homoskedasticity.

Given the AR(1) estimates reported in the tables, the variance of the effects can be recovered from
a% = 02 + ¢?vy9 — wr (as explained in Section 4), which gives 8727 = 0.05 for the Spanish data, and
&2 = 0.07 for the PSID.

GMM estimates are known to be downward biased in finite samples, specially when the number of
moments is large and the instruments are weak. However, the magnitude of the bias in our application
(relative to the likelihood estimates) is puzzling for the values of o and T'/N that we have, suggesting
misspecification as the most likely reason for these discrepancies. This impression is confirmed by the
AR(2) estimates and the simulation results reported below.

The upshot from the AR(2) estimates reported in the second parts of tables 2 and 3 is that there is
a positive autoregressive root, in the (0.4,0.5) range for the Spanish panel and in the (0.6,0.7) range
for PSID, and a negative root of around —0.2 in both datasets (so that an ARMA(1,1) model would
provide a similar fit).

The AR(2) GMM estimates are still smaller than the likelihood-based estimates, and there is a
discrepancy between BCS and RMLr (specially for PSID), all of which suggests that there may be
some remaining misspecification.?? This suggestion is reinforced by the robust GMM form of the
estimates shown in tables A4 and A5, which provide evidence against the overidentifying restrictions
in the PSID data. These GMM estimates use the 2 (7 + 2) moments (56)-(60) with RML adding

extra moment conditions to BCS. Moreover, mean stationarity is rejected in both datasets and, when

20We found that the BCS equations, in addition to the stable solution, had another solution with an explosive root.
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enforced, leads to somewhat larger positive roots.

However, in contrast with other studies that either imposed or found a unit root in individual
earnings (e.g. MaCurdy, 1982), we find no evidence of unit roots. The only way we managed to obtain
a near-unit root is by imposing the restriction that the initial observations of earnings are orthogonal
to the unobserved component (i.e. ¢ = 0). Doing this led to an estimated positive root of 0.95 in
both panels. Clearly, if only heterogeneity that is orthogonal to initial observations is allowed, any
nonorthogonal heterogeneity will be captured by the autoregressive part of the model as spurious state

dependence.?!

9.1 Moving Average Errors

We checked whether this conclusion was affected by adding a moving average component to the specifi-
cation of PSID earnings. In such a case the autoregressive coefficients can no longer be interpreted as a
model for the conditional expectation of earnings given past observations, but an ARMA model might
lead to a more parsimonious specification. Moreover, models of earnings that specify a measurement
error component imply a reduced form with moving average errors. Appendix D describes our ARMA
specification and the random effects ML estimators that we used.

Table 4 reports ARMA(1,1), ARMA(1,2), and ARMA(2,1) estimates from the PSID sample. As
expected, the ARMA(1,1) estimates are similar to those obtained from the AR(2) specification. How-
ever, the ARMA(1,2) and the ARMA(2,1) estimates were very imprecise, suggesting that there is no
enough variation in the data covariance matrix to support a three-parameter dynamic specification

within this class of models.

9.2 Testing for Nonnormality

The distributions of the effects and the autoregressive errors are nonparametrically identified and can
be estimated using deconvolution techniques as in Horowitz and Markatou (1996).

Horowitz and Markatou carried out graphical tests of normality of the distributions of errors and
effects in a static earnings model using a two-wave panel from the CPS.?2 We used their diagnostics
and found very similar results for PSID autoregressive models. A normal probability plot of residuals
in first-differences (Figure 7) indicates that the tails of the distribution of errors are thicker than those

of the normal distribution. However, a plot of the log empirical characteristic function of the effects

21Gtudies that have explored more general models of PSID earnings by allowing for richer forms of heterogeneity
or nonlinear dynamics have found evidence of misspecification in conventional linear models. For example, Browning,
Ejrnees and Alvarez (2010) test the weaker hypothesis that some agents have a unit root and others a stable process; they
reject the hypothesis that anyone has a unit root. Arellano, Blundell and Bonhomme (2017) develop a quantile-based
framework to explore the nonlinear nature of income shocks; they find that the impact of past shocks can be altered by
the size and sign of new shocks, so that the future persistence of a current shock is not fixed, as in a linear mean-reverting

or unit-root model, but stochastic due to its dependence on future shocks.
22Figures 1 and 5 in their paper
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against minus the square of its argument is almost a straight line, hence showing no deviation from

normality (Figure 8).

9.3 Monte Carlo Simulations

To illustrate the properties of the estimators, we performed a small simulation exercise calibrated to
the likelihood-based AR(1) estimates from PSID data. We generated 1000 replications with N = 792,
T° =17,n; ~N (0, 0727), vig ~ N (0,0%), 0727 = 0.07, and mean stationarity.

In Table 5 we report means and standard deviations of the WG, GMM1, RML(nr), RML(r), and
BCS estimators of the AR(1) model for o = 0.4 and 0.8 (with @2 = 0.11 and 0.28, respectively). The
results show that both RML(r) and BCS are virtually unbiased. Those for a = 0.4 nicely reproduce
the WG downward bias and the RML(nr) upward bias that we found in the PSID sample. However,
the results fail to explain the performance of GMM with the real data, which reinforces the evidence

of misspecification in the AR(1) earnings models.

10 Concluding Remarks

In this paper we have considered likelihood-based estimation strategies of autoregressive panel mod-
els, which are consistent under the same baseline assumptions as Arellano-Bond and Ahn-Schmidt
GMM estimators. The starting point is that to achieve this goal one has to allow for time-series
heteroskedasticity.

Our leading method is a heteroskedastic correlated random-effects estimator (RML) that maximizes
a marginal likelihood function where individual effects are normally distributed with a mean that
depends linearly on the initial observations. The literature has uncovered some attractive properties
of this estimator. Firstly, it is fixed-T efficient in the sense of being asymptotically equivalent to the
optimal GMM estimator that enforces the restrictions implied by our baseline assumption (Assumption
A) on the data second-order moments regardless of nonnormality (Bai 2013 Theorem S.4). Secondly,
it does not lead to incidental-parameter bias when 7" and N are of comparable dimension (Bai 2013).
Finally, under normality of the errors (Assumption G1) but not necessarily under normality of the
effects (Assumption G2), RML is a finite-sample minimax optimal estimator for a suitable choice of
prior distributions in the sense of Chamberlain and Moreira (2009).

For comparisons, we have considered two other likelihood-based estimators, which contrary to
RML only depend on the data in first-differences. The first one (BCS) solves a bias-corrected score
function of the heteroskedastic likelihood conditioned on the MLE of the incidental parameters. The
other (RML-dif) maximizes a marginal likelihood function of the same form as RML but for the data
in first-differences. The three estimators, RML, BCS and RML-dif, can be variously interpreted as
fixed-effects, random effects, Bayesian, or method-of-moment estimators. For example, versions of
BCS can be regarded as a random effects or Bayesian estimator that specifies a nonnormal prior for

the effects with a very large variance (Chamberlain and Moreira 2009, p. 131; Dhaene and Jochmans
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2016, p. 1184-1185). Moreover, the RML and RML-dif estimators coincide with the corresponding
fixed-effects factor analytic estimators studied in Bai (2013), which estimate the sample variance of
the fixed effects.

One major theme of this paper has been to highlight the advantages of heteroskedastic RML
estimation relative to traditional GMM methods in finite samples and large T" asymptotics. The other
major theme has been to highlight the efficiency gains from using data in levels (as in RML) relative
to only using data in differences (as in BCS or RML-dif). We have done so for our baseline model
and for a more restrictive model that assumes stationarity in mean. In the latter case, the likelihood-
based estimators that we discuss are consistent under the same assumptions as the Arellano-Bover
and Blundell-Bond system GMM estimators.
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Appendix

A Conditional Maximum Likelihood and Expected Scores

A.1 First-Order Conditions and Related Results

Equations (15), (18): Note that 7 = v'®¢ and wy = Var (v) = (L’A_lL)_l, so that A1 = (1/w7) ®.
Moreover, the equivalences in (14) also imply

Indet A = Indet (DAD') + Inwr. (A.1)

Clearly 0 < ¢, <1, Zle ¢; = 1, and under homoskedasticity ¢, = 1/T for all ¢.
Regarding period-specific variances, taking into account that:

E [(vt - @)2} = 0?2 +wr — 2F (vT) = 07 4 wr — 20,02 = 07 + wr — 2w,
we obtain expression (15), and also

02— o2 = E [(vt - @)2} _E [(vt_l - 5)2] (t=2,..T).
Finally, equation (18) is easily verified from (15).

Idempotent Matrices: Letting Q = ® — ®u/®, note that the matrix Qf = I — ®1/2,/3/2 ig
idempotent, and that Q = ®Y/2QT®1/2. Also

Qf = AV2D' (DAD') ™' DAY? = I — wpA=1/20/ A1/
and D' (DAD)"' D = A=1/2QTA=1/2. So that
D' (DAD')_1 D=A"1—wrA /AT = wQ.
Derivatives: Letting ¢ = (1, ..., o) = ®¢, we have the following result:

g;’j = — (®— /D) A" = —D' (DAD') " D®. (A.2)

To see this recall that ¢, = wr /0% and consider

1/0 1/0
do=wr 2| 0w | o | %Za
SO - Tae/ . . 80/ N
1/o% 1/o%
Also using
ow 1/o%
! oo =, (A3)
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we get

) 1/o} ... 0 1/0?

¥ . .

50 = —wr : . : + : (4/3% SOT>

0 ... 1/o% 1/o%
1 1 1 1
- P : ( )@:—— O — /D) D.
wr wr : 1 er wT( w'®)
Pr

First-Order Conditions for Variance Parameters when Maximizing Lc: The derivatives of

L with respect to 6 = (O’%...O’%), given in (26) are

N
8590 = % S" K’ (DAD' ® DAD') ™ vec (Dvw,D' — DAD')
i=1

where K is a (T — 1) x T selection matrix such that vec (DAD’) = K. Let d; and k; be the t-th
columns of D and K, respectively, so that DAD’ = Ethl odyd,, KO = Ethl o2k, and ky = dy ® d.
Thus, also

8LC ! A / n—
Fo7 Zd (DAD') ™" (Dvjv;D' — DAD') (DAD')

=1

Y (t=1,..T). (A.4)

Maximizing L¢ in (23) with respect to wr and (¢;...o7) for given a, subject to the adding-up restric-
tion //®. = 1, the first-order conditions for variance parameters can be written in a form analogous to
(15) and (18) as

N

> [ (D — /D) v; T] =0 (A.5)
N =1
Z [ Vit — — (Ui(t—l) —@i)Q — (0? - O'?_l)} =0 (t=2,...,7). (A.6)

=1

The details are as follows. For a matrix A = (ay, ...,a,)’, we use the notation vec (A) = (da}, ...,a,,)’
and A® B = {a;;B}. The derivative of Lo with respect wr is

N
O0Lc 1
o EZ (@ — u/'®)v; — (T — D wr] .
=1
The concentrated likelihood with respect to wy is

Zln(pt lnzzwt Uzt_'Uz >

i=1 t=1

and the Lagrangean
T
5:L5+A<1—Z¢t>,
t=1
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so that

N T
oL — Ei—; [(vit—vi)2—2wtvi (1—2%)]—)\

0y, 2 ¢, 2wr P

oL
N 1—2%.

SDt i1

and taking first-differences to eliminate the Lagrange multiplier

al - N Z [ Vit — vz — (vi(t_l) — @-)2] .

Pt Pe—1

Nonnegativity constraints: The nonnegativity constraints o7 > 0 may be enforced through the
parameterization (wr, ¢y, ..., pr) imposing adding-up and non-negativity restrictions to the weights.
Alternatively, transformed variances for errors in orthogonal deviations can be used, which confine

nonnegativity restrictions to J%. This transformation is discussed next.

A.2 Heteroskedastic Orthogonal Deviations

The following equivalences also hold

e n—1 T_lﬁ
D' (DAD")” Dv=>» —%
t=1 9t

Indet (DAD) Zlnat—i—ln 2+t o) Zln 57

where the heteroskedastlc orthogonal deviations are given by

VP_1 — UT fort=T-1
Uy =
-2 —2
vy — TRV TPy 9]
O';Jf1+.4.+o; ’ ’
O'%_l-i-O'% fort=T-1
~2
O-t —
2 1
o —— fort=T-2,...1
t + Ot+1+ +0,T2 ) )
or
Ur_1 — UT fort=T-1
vy =

(vt — V1) + Mg10ppr fort=T-2,..,1
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where \; = 02/52, (t =T —1,...,1).
To clarify the mapping between (O‘%, - a%) and (5%, o 5%,1) note that
E[(vr-1 —vr) (vr—2 — vr)] = 07
E@) =07 (t=T-1,..,1).

So we identify 02T as a covariance between (vy_1 — vr) and (vp_g — vp), and 52T_1 as the variance of

vp—1 = (vp—1 — vr), so that 0'2T_1 = 8‘%_1 — 0%. We can get

and use it to form
Ur—o = (Vr—2 — vr—1) + Ar—107-1,

which allows us to get &3_,. Now we can get 02 _, = 55_o — 1/ (072, +072), Adr—2 = 0% )T,
and proceed recursively to obtain the remaining terms. Note that the 5,52 will be nonnegative by
construction, so that the non-negativity problem is confined to o?2.

A.3 Score Bias Function
Proof of (28): We have

E|[X[D/ (DAD) ™ Dv| = B (X[A™'0) = wrB (X[ATW/A ;)
o AT Ay, VATLE (z0f) AL

=—wrk : = —wr :
LE;)Z-A_lLL,A_le‘ VATLE (zpv]) A

To obtain an expression for E (z;v;) we need to develop a suitable notation. Let us write

I 0 0 0
» w\_ [ w (A.12)
Br, Br Yi nit + v;

where

—Qp —Qp1 ... —Og 1 0 0

0 —ap —Q —Q1

0 0 —Q —Q1 0 0 0

(B Br )=
0 1 0
0 —ay —1
Moreover,

0 I 0 0
R Yi (A.13)
Yi Crp Cr Nt + v
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where Cp = B L and 6Tp =-B; 1BTp, so that

Y = épr? + méTL + éT’Ui. (A.14)
Thus,
E (yvj) = CrpE (yivl) + CrE (vivj) = CrA. (A.15)

. . ! .
Let us consider now an expression for x;; = (yi(l_j), ooy Yi0s Yils «ees yi(T_]-)) . Since we have

Yi(1—3)
. _ 0
= ( 0 I )yz
Yio
and
Yit i1
: = 5(T_j)py? + UiéTijTfj + anj : )
Yi(T—j) Yi(T—j)

we can write xj; as

_ o ;
0 I; 0 0 LT—j 0 0 Vi(T— 4
Clr—jp Cr—j 0 Lj Cr—j 0 UiT—j+1)
ViT
or
Tjp = C%py?—l—?]iCjL—l-Cj’UZ’ (j = 1,...,p) (A.lﬁ)
where
0 0 ; 0 I;
Cr—j O Cajy
Therefore,
E (:Eﬂv;) = CjA, (A17)

and in view of the previous expression

JATICY ©'Che
E[X/D/ (DAD) ™ Dvy| = ~wr : =
VATIC, ¢'Cpt
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Moreover, note that weighted averages are given by
Tji =T =n; ((p'CjL) + (cp’Cng> yg + ¢'Cjv; (Gj=1,...,p). (A.18)

Also note that the variance of the average error can be eliminated to give rise to moment conditions
that only depend on « and the weights.

Integral (42) of the Bias Function when p = 1:
To see that the integral of hy (o, ¢) when p = 1 is given by (42) note that using

T—1
hr (o, ) = Z(1+a+..+at_l)cpt+1
t=1
T-1 T—1 T-1
T—2
= Z¢t+1+a2@t+1+a Z%H"‘ -tat e,
t=1 =2 =3
we can write
o2 -1 o3 Tl

br (aa 90) = « Z Ps+1t 5 Z Ps+1 + 5 Z Ps+1 + . +

N

=1
- ((Pt-i—l + ...+ SDT) of
; .

t=1

Derivatives of by («, ¢) with respect to ¢, are:

fort=1

abT (05790) _ 0
SV fort>1

Doy

and in view of (A.2):

3

Q

0

(0 ¢) () i
obr (a, Op '\ Obr ey A—1 o?
55 (ae') 9o ®D' (DAD") " D ; 5
o+

o)
+ 0
<

Proof of (53) and (54) for the Random Effects Scores:
Let & = n; — ¢yio, so that

o2 =Var (v;) + Var(&).
Using this expression and (A.18) we have

UlgE @i (wi - ¢'yf)] = Ulg {E@v)+E [zi (n;— ')}
= % [WEATHE (i X)) AN+ b (a,0) B (0:6))]

= % [wThT (Ck, <p) + At (04; 90) Cov (771'7 51)]

£

= b (o,9)  Var () + Var ()] = hr (o, 9).

£
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This proves result (53). Turning to (54), we have

1 —
E|=®D' (DAD') "' D, (w — ¢/ | =

£

= %@D’ (DAD') ™ E (Dvw;)

)

1 .
(qu)D/ (DAD') ™' DE (vv}) @

1 1
= %D (DAD') ™' DA®:

)

= “Top' (DAD') "' DAA ' = “ToD' (DAD') ' D=0
g

3 O‘E

A.4 A linear OLS Estimator of Variance Weights

A simple consistent estimator of the variance weights for given « can be obtained from the fact that
E (w;Av;;) = 0. Such estimator may be useful for providing starting values for nonlinear likelihood-
based estimation.

Enforcing the adding-up constraint, the average error can be written as

U = P1uin + e+ Peroguyro1) + (1 — 1= . — gonl) T (A.19)

= wr — @1 (Wit — Wi1) — .. — P (UiT - Ui(TA)) .

Letting ¢, = (gol, ...,goT_l)’ and w; = [(uZT —Ui1) ey (uiT — ui(T,l))]/, we have orthogonality be-
tween w; and w;

E [w; (uir — wip,)] =0, (A.20)
which suggests the following OLS estimator of ¢, for given a:

N
P, = <Z wz’w£> Z WiUiT - (A.21)
i=1 i=1

This estimator satisfies the adding-up constraint, but not necessarily the non-negativity restrictions.
Given the p,’s, estimates of wr and the 0?’s can be obtained from

N T
~ 1 ~ 92
wr = = E g @y (Vit — U5 A.22
(T . 1) N Pt t ( t ) ( )
~92 wT
i 2 (A.23)
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B Asymptotic Variances of Estimators Under Normality

This Appendix presents the formulae for the asymptotic variances of RML and BCS estimators used
for the inefficiency calculations reported in the main body of the paper. They are calculated under the
assumption of normality for both homoskedastic and heteroskedastic estimators when p = 1. These
formulas are not suggested for empirical standard error calculations (for which we use robust sample
expressions that remain consistent under conditional heteroskedasticity and nonnormality), but in
order to facilitate numerical comparisons of relative efficiency among alternative estimators.

B.1 Asymptotic Variance of the RML-dif Estimator

Letting 77} =n; — (1 — a) yip, the AR(1) model can be written as

Ayn = 77;-r + vi1
Ay = oAy +Avy (t=2,..,T)

or in vector notation

Ay 77;[ + i1
Bl : [=bDf : = Dl
Ayt 77;[ + vir

where B and DT are T x T matrices of the form

1 0 ... 0 O
—-a 1 ... 0 O 10 --- 0 0
B = , Df = .
: : D
0O 0 ... —a 1

Moreover,

Var (DTUI) = Dt (U?ZTLL/ + A) DY

where O'%T =Var (773) and under homoskedascity A = o217
Therefore,
Ayii
Var : =B 'DY (02,0 + A) DB~V = Q (y) (B.1)
Ayir

/
where v = (a,a%, . 0%,0%) .

Moreover, note that the heteroskedastic marginal MLE for the data in differences can be written
as

N
N~ 2 a2~ . 1 _
(aD,J%...,U%,U?ﬁ) = argmin lndetQ(’y)—i—N g (Ayit, ..., Ayir) Q1 ()

I
—
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Thus, under normality the asymptotic variance matrix of (@ D,0a..., 05, 87271‘) is given by?3

2{H (/D [ (1) ©Q ' (1) PH ()} (B.2)
where
() = 2 )

and D is the selection matrix
_ Ovect)
9 (vechQ)”

A similar expression is valid for the homoskedastic RML-dif estimator, except that in that case

/
the parameter vector is redefined as v = <a, o2, 07271.> .

B.2 Asymptotic Variance of the RML-lev Estimator

In order to exploit the previous result for the differences, we express the covariance structure corre-
sponding to the levels using the transformation:

Yoo Yoot Wont - & Yoyt
Yio .
0
Ay " .
Var . = Yot Q(v) =" (")
Ayir
ooy

/
where Yoo = Var (Zh‘o): fYOnT = Cov (yi07 771)7 and 7* = (O(, 0%7 ceey 0—%7 U%T?VO?]T: 700) .
Arguing as in the previous case, the marginal MLE for the data in levels can be written as

~  ~2 ~2 ~2 ~ ~
(OéL,Ul,---,UT:%T,’YonTﬁoo) =

Yio
N
. * * 1 *—1 * Ayll
argmin [Indet Q* (v*) 4+ N z; (Yio, AYity -y Ayir) Q5 (7F) )
I Ay;r

Thus, under normality the asymptotic variance matrix of (54 Ls 5%, - 52T, 3727# Yonts %0) is given by

1

where

23Gee for example Arellano (2003, p. 72).
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and D* is the selection matrix
«  OvecQd*
0 (vechQ*)"

Note that in this parameterization, under stationary initial conditions, v, remains a free parameter
(which determines o7}) given by

2
Yoo = 1—a? ina)2 +75
and
Yoyt = Cov (yio,nj) =—(1-a) 5(2)
O’%T = Var (nj) =(1—a)2,
so that the restriction under mean stationarity is 7o,/ U%T = —1/(1 — ). Homoskedasticity further

restricts these coefficients to satisfy o3 = 0/ (1 — o?).

B.3 Asymptotic Variance of the Homoskedastic BCS Estimator

Because of the incidental parameters problem, the ML estimates of a and o2 estimated jointly with
the effects are inconsistent for fixed 7. However, as noted by Lancaster (2002), we can obtain score
adjusted estimators that are consistent in view of the moment relationships:

i) = —%hr (@)
W) = (T-1)0?

where 27 and v} denote orthogonal deviations of the original variables.
By substituting the second equation we can eliminate o2 and get

E; ()] =0

where

h
P; () = v} + v} 7 (2) . (B.4)

Under suitable regularity conditions, if there is a consistent root of the equation Zf\i LY, (a) =02
its asymptotic variance is given by

Vo = —5.- (B.5)

- g2

24 A formal proof of consistency is given in Lancaster (2002), Theorem Al.
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Because of

N, (@)

oo (@) v

= ¥t — ¥y (2 ’
we have
d=—E (af'z}) + 202 + o?hl (B.6)

(T—l)

where we are using hr and h/, for shortness.
Similarly,
h2
’U:E|:CL‘>F/’U* }+E|: */*2i| T

hr
(T —-1)

5+ 2E [(z7'v7) (vi'v])] (B.7)

The availability of expression (B.1) allows us to calculate the term E (x}x}) that appears in (B.6)
as follows

E(a)2}) =E (m;D’ (pD')~" Dmi) — [(DD’)*1 QAH} (B.8)
where Qa11 = E (Dzx}D') is the (T'— 1) x (T — 1) north-west submatrix of Q () under homoskedas-

ticity.
Next, under normality and homoskedasticity we have

E {(m;"v;‘)ﬂ = o'h} + o?E (z}'z}) + o'tr (QCTQCr) (B.9)
E [(v*'v*)Q] =t (T+1)(T-1) (B.10)
E[(zv}) (vj'v})] = —o*hy (T + 1) (B.11)
where Q = It — 1/ /T and Cr is such that F (z;0}) = 0?Cr.
Thus,

v =0c"h% + o’E (zf'z}) + oltr (QCrQCT) — o*h (; * 1)

or

v=0%E (2}'z}) + o*tr (QCrQCr) — o*h2. (B.12)

2
(T-1)

To get the results (B.9)-(B.11) we have used the following intermediate formulae for moments of
quadratic forms in normal variables:

B @) = (B )]+ i [ (afa?) B ()] + b0 [B (o) B (o))
E {(v*'v*)z} = tr?[E (v}vf)] +2tr [E (viv]) E (viv)] = (T - D20t + 204 (T —1)
E[(z7'v)) (vi'v7)] = E (27'v}) E (v;'v}) + 2tr [E (zjv]") E (viv]')]

= —o*hy (T —1) = 20*hy.
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B.4 Asymptotic Variance of the Heteroskedastic BCS Estimator
The i-th unit log-likelihood conditioned on the MLE of n; and y;o is given by

f = — L Indet (DAD') — lng’ (DAD') ™" Dy
2 2

where D is the (T'— 1) x T first-difference matrix operator and A = diag (0%, e U2T). Also, let d; be

the ¢-th column of D, so that DAD' = S\ o%d,d,.
Using for shortness the notation Q = DAD’, the first and second derivatives of ¢; with respect to
« and o7 are given by 2°

% = ;U;D/Q_lDUi
e
A G _
= 207 (Dol D — ) 07N (1=1,..7)
Ot
0?4;
Sz = —z,D'Q" ' Da;
8251‘ r—1 'y O—1
90200 —d QY Dxyu,D'Qdy (t=1,...,T)
t
8261' /97]_ /Qf]_D /Dlﬂil 1 lﬂf]‘ 2
902002 = — (dQ7ds) (d; Viv; ds) + 3 (2 'ds)”.

Let Eli == 361/8(1, 621',5 == 8&/80'152, 5111' == 8261'/80[2, etc., Y = (a,o’%,...,a%),, and h = —F (E].i)y
h1 = 0h/da, hyy = Oh/0o?. BCS is the GMM estimator based on the moments

o (O _ lii+h
v (%z‘) < boi )

whose asymptotic variance is

Vpos = (D'VID)™"

where

) O 1o hi h
D_E (31#/1) _p e fe) 1 R
2l la1; La2; 0 0

2T/ h?2 0
V=E@u) =B T - -
Uoilry  oils, 0 0

2 Note that
odiQ~1d,
Oo2

and

= — (& 'd,)?

and
0

Wd;srl (DvwiD') Q™ 'dy = 2 (d;'d,) (42 ' DuviD'Q ™ "dy) .
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Letting Qa11 = E (Dzx;z,D’), the expected second derivatives are

824, _

E (Elli) =F <aa2> = —tr (Q IQAII) (Blg)
E (lo14) = E 0L\ _ —dQ ' DCIAD'Q (B.14)
21it) = ao_tgaa t i ’

82& 1 ry—1 2
V= - B.15

where E (z;v]) = C1A, and

0 0
ci=|( .
B, 0

Finally, the outer product terms are given by

E(&) = B|(@Do Du)’|

E (lail1;) = %E [(dgg—lpvif(x;D’Q—lei)}+%(d§9—1dt)h
E (boitlois) = EE [(de‘lei)2(d;Q_1Dvi)2} —i(dgﬂ‘ldt) (d.01d,) .
Under normality:
E () = tr(Q7'Qan) +tr (D'Q 'DCIAD'Q'DC1A) + B? (B.16)
E (laily;) = d)Q'DCiAD'Q 14, (B.17)
B(buls) = 5 (074" (B.18)

Proof: Note that under normality:
E|(@97'Du)* (@07 Do)’ = E|(d07'Du)’| B |(d07 Du)’|
+2{E [(d,Q ' Dv;) (d.Q ' Dv;)]}

— () (A7) + 2 (a9 1dy)?,

which proves (B.18) and also shows that E (¢2;102;5) = —E (€22its)-
To prove (B.16), let v} = Q~Y2Du;, ¥ = Q~1/2Dz; and note that

E({}) = E [(xf'vz*)Q]
= [B(@ie)]” + o [ (afe)) B (ofel!)] + or [B (e70l') B (w]o])]
= W +tr (Q7'Qan) +tr (Q7'DCIAD'QT'DCIAD')
Finally, (B.17) can be proved as follows:

E [dQ ' Do, D'Q 7 d, (¢} D'Q Duv;)| = E [dQQ*V%;v;’Q*l/?dt (:p;ﬂ'v;ﬂ)}

= F (déQfl/Z/vz‘v;"QAﬂdt) E (z]'v}) +2E (diQfl/wv;‘x;‘/) E (v;kv;‘/Qflﬂdt)
= — (47 'd) h+2 (42 ' DCLAD'Q 1 dy)
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To see this, letting U = d,Q /% v*, note that

E [d;Q_l/W * */Q 1/2d >|</ >|< :| ZE th

18 ZS

= ZE(@%&) zs zs +22E Ultxzs)E(aitU;'ks)
_ E(d/Q 1/2/ * *’Q 1/2d> ( *! *) L 9F (dIQ 1/2/1}*3:*/) <U;<U;k/971/2dt>'

Thus, the information equality E (¢2;:¢1;) = —FE (f214+) also holds.
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C Modified Conditional ML Score Interpretation of BCS

For the heteroskedastic AR(1) model we saw that BCS can be given a modified conditional likelihood
interpretation when the weights ¢ are known. More generally, we show here that for a heteroskedastic
AR(p) model with unknown weights, the BCS estimating equations coincide with the modified score
vector discussed in Woutersen (2002), Arellano (2003b), and Arellano and Hahn (2007), which is first

reviewed for convenience.

C.1 The Modified CML Score

Let ¢; (3,7;) be an individual log-likelihood conditioned on z;, and let dg; (3,7;), dypi (8,7;), dyyi (B,1;)
and dg,; (8,7;) be first and second partial derivatives. The first argument is a vector common para-
meter 5 and 7; is a scalar individual effect. Let ¢; (5,7; (8)) be the concentrated log-likelihood, so
that dg; (8,7; (8)) is the concentrated score.

The modified score discussed in Arellano (2003b) is given by

N 10 N ~

dui (8) = dgi (8,7, (B)) — 305 In [—dyni (8,7; (B)] + aui (87 (B)) (C.1)

where
0
@i (Bsm;) = @ (B,m;) (C.2)
gy — foomi (Bymi)

Q’L (/87777,) - Knm' (577’/1) (C?))
and

Kpni (607771') = F [;ﬂdﬁnz (507777;) |$’Lanz:| (04)

i (Bosmi) = E [;dnni (Bosms) | xiani:| . (C.5)

The first modification term provides a “degrees of freedom adjustment”, whereas the second
corrects for nonorthogonality between 8 and n;. Note that if 8 and 7, are information orthogonal

Kgni (B,m;) = 0, so that ¢,; (8,1;) = 0 as well.
If there exists a scalar function ¢; (3, 7;) such that

0

the modified score corresponds to the objective function
~ 1 ~
4 (8,1 (B)) — B I [—dpy (8,7; (8))] + i (B:m;) » (C.7)
which coincides with the Cox and Reid modified profile likelihood based on an orthogonal reparame-

terization of the effects. If ¢; (3,7;) does not exist, there is no orthogonal reparameterization but the
modified score djy; () may still achieve bias reduction relative to dg; (5,7; (5)).
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C.2 Application to AR(p) models
In the AR(p) model, 8 = («/, 9’)', z =y, and

4 (B,m;) = —.5Indet A — .5v;A_1vi, duni (B,m;) = —1/wr,

1 _ 11 1 !
dﬁni (ﬁﬂh‘) = - (lei, ey Ewpiv 0711%‘1; ey U%UiT) .

ThUS, Rnmi (6”77,) = _1/ (TwT}?

1
Kpni (Bosmi) = E [Tdﬁm‘ (Bo>m;) | y?)ﬁi:|

1 T pa—
= _Ti(,gj’f (E (:1:11 | y?ﬂ']l) ,...,E("L‘pi ‘ y??ﬂ@) 707'”70)17
and

n (0 + (¢Chy) o2 PO

7 ,C + /Cp ? /C
oy = | MECIH(ECR)R || ¢

0 0

0 0

Therefore, the modified score vector is

—~ 10
dagi (5) = dgi (5, M; (5)) + 5% Inwy + ((p/ClLa . (p/CpL, o, ... 0)/

where

o 1 T 1
= 55 —ilndeté—glan—mvg (® — Pu'®) v,

dgi (8,7; (B))
which shows that BCS can be regarded as the solution to the estimating equations ZZ]\L 1dari (B) = 0.
In this case it does not exist a function ¢; (8,n;) such that

!/

(8/66) Ci (67 771) = (gplclL’ sry QO/CPL, Oa ey 0) .

This can be easily seen when p = 1. In that case hr (o, ) = Obr (o, @) /O where br (a, @) =

?1_11 (@414 ... + o7) a/t, so that possible solutions for ¢; (3,m;) would be of the form by (a, ) +
c(6). However, since dbr (i, ¢) /00? depends on a and varies with ,26 there is no ¢ () that can make
Oc; (B,m;) /0% equal to zero for any o and t as required.

Thus, in the heteroskedastic AR(p) setting, despite the lack of existence of an orthogonal transfor-
mation, a first-order bias adjustment to the score is an exact correction that removes fully the bias,

hence leading to fixed-T' consistent estimation.

**The expression is 0br (o, ) /007 = —¢} [br (a,0) + o+ .. + '] Jwr.
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D ARMA Models
Consider the model
Yit = 1Yi(t—1) + -+ QYi—p) + 0+ v (t=1,...,T;i=1,..,N) (D.1)

where v;; is a moving average error of order q.
Following the notation introduced in (A.12), we can write

I 0 0 0
y O O (D.2)
Br, Br Yi Nt + v

For an AR(p) process we have

ver[ ¥ )2 To o (D.3)
Nt + v LYo O'%LTL,T +A

where A = diag(c?,...,0%).
Similarly, for an ARMA(p, q) process

0 POO qu ’VOnLLF—q
Var vi = ! ) . (D.4)
n;L + v; Pa optriy + Ay

LT*CI’Y(M]
If p < ¢, the elements of T, are all unrestricted. However, if p > ¢ only the last ¢ rows are unrestricted,
and the (p — ¢q) first elements of the columns of T, coincide with those of ~,,. Moreover, Ay is a

moving average covariance matrix whose first ¢ subdiagonals contain nonzero elements.
We adopt the following heteroskedastic moving-average specification for the errors in (D.1):

Vit = UtU;rt (D.5)

vl = Cit = ¥1Cig-1) — - — Ylitt—g) (D.6)

where (;; is an 7id (0, 1) random error. In this way, we allow for arbitrary time series heteroskedasticity
and at the same time specify a stationary serial correlation pattern for v;;. Thus,

!/
v = A2 (G gy o Cir ) (D.7)
and
Ay = AY2T0 A2 (D.8)

where ¥ is the T' x (T + ¢) matrix

Py —Pg1 .~y 10
o o @q S ‘1 | ‘o
0 0 .. 0 0 0 ... =ty ... —¢ 1

46



Therefore, the covariance matrix of yZT = (y?’ , yé)/ is given by

L oo\ Foo Moo Yontrg L oo\ "
Q) = Y’ D.9
(’7 ) BTp Br Pa U%LT[,,IT + A1,11 BTp Br ( )

/
LT—qfYOn

where the parameter vector v* consists of the autoregressive and moving average coefficients, Yons 0727, 0’%, N JQT,

and the unrestricted elements in I'gg and T p,.
The ARMA (p, q) log-likelihood is given by

N N IR 1.7
Lps=—7IndetQ(y) = 5> . w20yl (D.10)

Noting that

I, 0
det =1,
Br, Br

and letting u; = n;0 + vy, Q11 = O'%LL/ + Ay, Do = ( Tpy 'Yonbér—q ), and

-1
FOO FOl B FOO FOl
F6 L Qn oV it )’

where
Ql—ll — Qll o FOl/ (FOO)fl FOl (Dll)
det Q (v*) = (det Q11) / (det %), (D.12)
we have
o 1‘\00 FOl y
R = () ( oo ) ( D13

= b (5 4 (0%) 7 T0) T (40 4 (1) 10,

Therefore, letting Wog = (FOO)_l and Iy = — (FOO)_1 ol = F01Qf11, we obtain the following expres-
sion for Lgg:

N 1
Lps = —IndetQy -5 ;u;inui (D.14)
N 1 ,
_5 Indet \IJQO — 5 ZZ; (y? - HOlui) \1}601 (y? — HOlui) .

Concentrating the likelihood with respect to Woo (which is unrestricted), we get

N
N 1
LES = —? Indet Qll - 5 Zuiﬂl_llu, - ln det Z — Hmul ( ? — Hmui),, (D15)
=1

which we found computationally very useful.
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Table 1

Relative Inefficiency Ratios*

Homosk. Heterosk.
BCS RMLdif BCS RMLdif

a=0.6
T°=4 X=0 145 1.33 2.21 1.59
A=1 1.14 1.05 1.56 1.12

7°=10 A=0 1.06 1.04 1.07 1.05
A=1 1.02 1.00 1.03 1.00

a=0.8
T°=4 X=0 1.93 1.70 3.16 2.15
=1 1.22 1.07 1.69 1.15

7°=10 A=0 1.22 1.13 1.28 1.15
A=1 1.08 1.01 1.12 1.01

*Ratios of Asymptotic St.Deviations: Denominator is

St.Dev. of RML-lev; T° =no. of waves; A = 0727/02.
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Table 2

Autoregressive Model of Earnings

AR(1) Estimates for Spanish Data, 1994-1999

N =632,7°=6

WG GMM1 GMM2  System-GMM

o' —0.022 0.042 0.038 0.183
(—0.95)  (0.93) (0.87) (7.00)
Sargan test (df) 6.11(9) 22.71(13)
ml —9.67 —9.89 —13.73
m2 0.27 0.23 1.83
Likelihood-based Estimates
BCS RML(r) RML(nr) RML(r)  RML(r)
(robust) (robust) (homosk.) (mean stat.) (¢ =0)
@ 0.218 0.200 0.207 0.164 0.926
(7.04) (7.07) (3.83) (5.32) (87.05)
U% (1995) 0.025 0.023 0.023 0.023 0.049
(11.34)  (11.91)  (25.14) (11.65) (12.81)
o3 (1996) 0.022 0.021 0.021 0.042
(8.55)  (9.28) (9.04) (14.40)
o3 (1997) 0.023 0.023 0.023 0.039
(8.23)  (9.55) (9.16) (15.96)
o2 (1998) 0.023 0.023 0.022 0.039
(10.26)  (10.60) (10.47) (14.74)
O’% (1999) 0.023 0.025 0.025 0.047
(10.93)  (11.63) (11.51) (14.80)
o) 0.567 0.560 0.607 0.1
(18.27)  (11.72) (15.05)
o2 0.020 0.020 0.024 0.003
(10.37) (7.53) (9.77)
Yoo 0.111 0.100
(14.35) (16.13)

Data are log earnings residuals from a regression on age,

education and year dummies. 7y, is the sample variance of yp.

t—ratios robust to conditional heteroskedasticity.

ml and m2 are serial correlation tests for differenced errors.

(qﬁ, ag) are regression coeffs. of (y — (5@_1) on 4. 'Implied by constraint.



Table 2 (continued)
Autoregressive Model of Earnings
AR(2) Estimates for Spanish Data, 1994-1999
N =632,T°=6

WG GMM1 GMM2  System-GMM

o1 —0.131 0.112 0.138 0.311
(5.06)  (1.20)  (L.58) (7.91)
Qa2 —0.118 0.051 0.070 0.176
(3.78)  (0.93)  (L.41) (4.87)
Sargan test (df) 4.21(7) 16.02 (11)
ml —6.41 —7.02 —11.56
m2 —0.75 —0.87 —1.55

Likelihood-based Estimates
BCS  RML(r) RML(nr) RML(r) RML(r)
(robust) (robust) (homosk.) (mean stat.) (¢ =0)

%) 0.218 0.201 0.210 0.300 0.600
(4.47)  (4.89) (2.73) (4.69) (25.40)
s 0.104 0.094 0.100 0.102 0.338
(2.57)  (2.47) (1.35) (2.16) (15.90)
o? (1996) 0.022 0.022 0.023 0.026 0.037
(7.93)  (8.69) (25.14) (7.17) (11.90)
o3 (1997) 0.025 0.024 0.026 0.035
(7.34)  (9.15) (8.84) (13.59)
0% (1998) 0.023 0.023 0.024 0.033
(8.85)  (9.87) (10.10) (12.85)
o? (1999) 0.024 0.024 0.034 0.035
(10.68)  (11.34) (6.13) (13.04)

o 0.253 0.247 0.

(5.39) (5.50)
b9 0.334 0.326 0.
(6.51) (6.12)

o? 0.016 0.015 0.005
(8.24) (7.57) (12.62)
Root; 0.450 0.424 0.437 0.503 0.954
Roots -0.232  —0.223  —0.228 —0.203 —0.354
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Table 3
Autoregressive Model of Earnings
AR(1) Estimates for PSID Data, 1977-1983
N=792,T"=7

WG GMM1 GMM2  System-GMM

o 0.184 0.171 0.157 0.311
(6.08)  (3.37) (3.54) (9.76)
Sargan test (df) 15.61 (14) 46.59 (19)
ml —6.36 —6.40 —7.42
m2 1.82 1.64 2.36
Likelihood-based Estimates
BCS RML(r) RML(nr) RML(r)  RML(r)
(robust) (robust) (homosk.) (mean stat.) (¢ =0)
@ 0.387 0.367 0.416 0.366 0.902
(9.64) (10.09) (8.27) (10.04) (43.93)
U% (1978) 0.061 0.059 0.068 0.059 0.113
(7.73) (7.83) (28.14) (7.83) (10.14)
U% (1979) 0.062 0.058 0.058 0.085
(6.10)  (6.08) (6.07) (8.73)
o3 (1980) 0.054 0.052 0.052 0.079
(7.21)  (7.55) (7.54) (9.02)
o2 (1981) 0.046 0.046 0.046 0.080
(6.62)  (7.41) (7.40) (8.79)
O’% (1982) 0.094 0.096 0.096 0.114
(3.55) (3.68) (3.67) (4.66)
o2 (1983) 0.086  0.091 0.091 0.132
(5.34) (5.31) (5.31) (6.97)
o 0.385 0.352 0.384 0.f
(11.84)  (8.35) (11.75)
o2 0.045 0.042 0.046 0.008
(9.35) (7.55) (6.43)
Yoo 0.239 0.237
(12.92) (13.34)

Data are log earnings residuals from a regression on age,
education and year dummies. 7, is the sample variance of yg.

*See notes to Table 1. TValue impliedshy constraint.



Table 3 (continued)
Autoregressive Model of Earnings
AR(2) Estimates for PSID Data, 1977-1983
N=792,T"=7

WG GMM1 GMM2  System-GMM

a1 0.135 0.227 0.250 0.433
(3.61)  (2.75)  (3.37) (11.03)
a2 —0.028 0.047 0.062 0.119
(0.90)  (1.17)  (L.81) (3.93)
Sargan test (df) 12.29 (12) 30.96 (17)
ml —4.94 —5.47 —7.05
m2 2.19 1.79 1.45

Likelihood-based Estimates
BCS  RML(r) RML(nr) RML(r) RML(r)
(robust) (robust) (homosk.) (mean stat.) (¢ =0)

oy 0.473 0.419 0.496 0.518 0.673
(5.29) (8.32) (5.49) (8.79) (18.30)
o) 0.157 0.115 0.176 0.159 0.260
(2.78) (3.14) (2.55) (3.56) (8.26)
o? (1979) 0.070 0.064 0.076 0.071 0.082
(4.84) (6.19) (28.14) (7.00) (8.52)
o3 (1980) 0.061 0.056 0.063 0.074
(5.50)  (7.48) (8.34) (9.32)
o2 (1981) 0.057 0.051 0.059 0.072
(5.21) (7.01) (7.88) (8.36)
o2 (1982) 0.092 0.097 0.102 0.109
(3.69) (3.71) (3.91) (4.23)
o2 (1983) 0.091 0.090 0.096 0.108
(4.88) (5.28) (5.68) (6.47)

N 0.096 0.065 0.

(2.95) (2.06)
b9 0.262 0.174 0.
(4.73) (3.23)

o2 0.028 0.023 0.012
(7.23) (5.65) (8.38)
Root; 0.698 0.607 0.736 0.735 0.947

Roota —0.225  —-0.18954 —0.240 —0.217 —0.274




Table 4
ARMA Models of Earnings
RML Estimates for PSID Data, 1977-1983
N=7921T°=7

ARMA(1,1) ARMA(L,2) ARMA(2,1)

o 0.655 0.336 0.210
(3.34) (1.74) (0.32)
o 0.194
(0.24)
N 0.205 —0.068 —0.175
(1.69) (0.41) (0.18)
Vs —0.139
(2.62)
02978 0.069 0.057
(4.74) (6.63)
2979 0.063 0.062 0.065
(6.69) (6.11) (0.48)
03950 0.057 0.056 0.056
(6.50) (7.85) (1.43)
02981 0.055 0.049 0.048
(4.80) (6.43) (1.52)
02089 0.094 0.099 0.096
(3.63) (3.68) (2.87)
02053 0.093 0.092 0.089
(5.32) (5.36) (4.68)
a; 0.021 0.073 0.064
(0.90) (1.75) (1.20)
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Table 5

Simulations for the First-Order Autoregressive Model

Means and standard deviations of the estimators

N=792,T°=7

WG GMM RML(nr)  RML(r) BCS
True values: @ = 0.4, Eg =0.11
0.178 0.396 0.430 0.400 0.400
(0.015) (0.035) (0.021) (0.020) (0.021)
o2 0.059 0.059
(0.003) (0.004)
9 0.058 0.058
03
(0.003) (0.004)
9 0.052 0.052
03
(0.003) (0.003)
0.046 0.046
o
(0.003) (0.003)
9 0.096 0.096
05
(0.005) (0.006)
9 0.091 0.091
06
(0.005) (0.005)
True values: = 0.8, 73 = 0.28
0.488 0.772 0.882 0.804 0.804
e
(0.016) (0.076) (0.028) (0.037) (0.040)
o2 0.059 0.059
(0.004) (0.004)
9 0.058 0.058
03
(0.004) (0.004)
9 0.052 0.052
03
(0.004) (0.004)
9 0.046 0.046
04
(0.003) (0.003)
9 0.096 0.096
05
(0.005) (0.006)
9 0.091 0.091
06
(0.005) (0.005)

1000 replications. Variance valyes: a% = 0.099, O'% = 0.058,
o3 = 0.052,0% = 0.046, 0 = 0.096, 0§ = 0.091,02 = 0.07.



Table Al
Heteroskedasticity-consistent likelihood-based

estimators of Autoregressive Panel Models

Data in Data in
levels differences
Unrestricted BCS
initial conditions RML RML-dif
Imposing Conditional ML
mean stationarity RML-s = RML-dif

RML: random effects maximum likelihood.

BCS: bias-corrected conditional score.

RML-dif: random effects ML in first-differences and
conditional ML under mean stationarity.

RML-s: random effects ML under mean stationarity.
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Table A2
Sample characteristics: Spanish Data, 1994-1999
N =632,7° =6

Mean Min Max

age 43.5 23 65
tenure (years of exp in the job) 13.4 0 20

real labor income (euros) 13296.8 3529.1 72825.8
real capital income (euros) 276.6 0 27761.8
% less than sec educ 28.3

% secondary educ 46.3

% university educ 25.4

% industry 37.0

% service 63.0

% private sector 65.0

Table A3

Regression results first-step
Dependent variable: log of real labor income
Spanish Data, 1994-1999

Coefficient t-ratio
constant 7.269 54.98
age 0.076 12.79
age2 -0.001 -11.47
sec educ 0.267 19.98
univ educ 0.717 46.48
private sector 0.073 5.73
services -0.006 -0.50
d94 -0.040 -2.15
d95 -0.051 -2.79
d96 -0.054 -2.95
d97 -0.049 -2.68
d98 -0.027 -1.50
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Table A4
Autoregressive Model of Earnings
AR(2) Estimates for Spanish Data, 1994-1999
N =632,T"=6

"Robust GMM" form of the estimates with RML

adding extra moment conditions to BCS

GMM RML BCS
o 0.204 0.201 0.218
(4.76) (4.89) (4.47)
Qs 0.098 0.094 0.104
(2.55) (2.47) (2.57)
o2 (1996) 0.022 0.022 0.022
(8.84) (8.69) (7.93)
o2 (1997) 0.024 0.024 0.025
(9.39) (9.15) (7.34)
o3 (1998) 0.023 0.023 0.023
(10.02) (9.87) (8.85)
o2 (1999) 0.024 0.024 0.024
(11.27) (11.34) (10.68)
o 0.251 0.253
(5.43) (5.39)
o 0.329 0.334
(6.37) (6.51)
o? 0.016 0.016
(8.24) (8.24)

Sargan test (p-value) 0.83 (0.84)

GMM uses the 2(T" + 2) moments (56)-(60) in Section 4.

RML and BCS are as in Table 2 included here for convenience.
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Table A5
Autoregressive Model of Earnings
AR(2) Estimates for PSID Data, 1977-1983
N=792,T"=7

"Robust GMM" form of the estimates with RML

adding extra moment conditions to BCS

GMM RML  BCS
@ 0.475 0.419  0.473
(7.38) (8.32)  (5.29)
s 0.134 0.115  0.157
(3.34) (3.14)  (2.78)
o? (1979) 0.054 0.064  0.07
(9.34) (6.19)  (4.84)
o3 (1980) 0.052 0.056  0.061
(8.84) (7.48)  (5.50)
o3 (1981) 0.051 0.051  0.057
(7.88) (7.01)  (5.21)
o3 (1982) 0.075 0.097  0.092
(4.47) (3.71)  (3.69)
o2 (1983) 0.086 0.090  0.091
(5.65) (5.28)  (4.88)
N 0.084 0.096
(2.61) (2.95)
b9 0.212 0.262
(3.25) (4.73)
o? 0.023 0.028
(4.91) (7.23)

Sargan test (p-value) 10.78 (0.03)

See notes to Table A3.
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Figure 3
Relative Inefficiency Under Nonstationary Initial Variance (T
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Invnorm(F(dv))

log of empirical characteristic function
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Figure 7
Distribution of Residuals in First Differences
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Figure 8
Graphical Test of Normality of Individual Effects
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